Reduction Orderings and Completion for
Rewrite Systems with Binding

Maribel Ferndndez' and Albert Rubio?

! King’s College London, Strand, London WC2R. 2LS, UK
Maribel.Fernandez@kcl.ac.uk
2 Technical University of Catalonia, LSI, Jordi Girona 1-3m, 08034 Barcelona, Spain
rubio@lsi.upc.edu

Abstract. We generalise the recursive path ordering (rpo) in order to
deal with alpha-equivalence classes of terms, using the nominal approach.
We then use the nominal rpo to check termination, and to design a com-
pletion procedure, for nominal rewriting systems. Nominal rewriting gen-
eralises first-order rewriting by providing support for the specification of
binding operators — alpha-equivalence is axiomatised, then higher-order
reduction schemes can be smoothly represented. Completion of rewriting
systems with binding is a notably difficult problem; the completion pro-
cedure presented in this paper is the first one that can deal with binders
in rewrite rules.
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1 Introduction

Rewriting systems (see, for instance, [18,2,37]) have been used to model the
dynamics (deduction and evaluation for example) of formal systems described
by abstract syntax trees, also called terms. In the presence of binding, a-
equivalence, that is, the equivalence relation that equates terms modulo renam-
ing of bound variables, must be taken into account. One alternative is to define
binders through functional abstraction, taking a-equivalence as a primitive, im-
plicit notion, and working with equivalence classes of terms. Combinatory Re-
duction Systems (CRS) [27], Higher-order Rewrite Systems (HRS) [30] and
Expression Reduction Systems (ERS) [26] use the A-calculus as meta-language;
rewriting rules work on a-equivalence classes of terms. In these systems the \-
calculus can be easily defined with one binder: A-abstraction. The price to pay
is that we can no longer rely on simple notions such as structural induction on
terms and syntactic unification.

Alternatively, the nominal approach [23,34], which we follow in this paper,
distinguishes between object-level variables (we write them a, b, ¢ and call them
atoms), which can be abstracted but behave similarly to name constants, and
meta-level variables or just variables (we write them XY, Z), which are first-
order in that there are no binders for them and substitution does not avoid
capture of free atoms. In nominal terms (see, for instance, [38] and [19]) variables
have arity zero, as in ERSs (but unlike ERSs, substitution of atoms for terms is



not a primitive notion). The a-equivalence relation is axiomatised in a syntax-
directed manner (thus we can reason by structural induction) using a freshness
relation between atoms and terms, written as a#t (i.e., “a is fresh for ¢”).
Nominal rewriting systems (NRSs) [19] are rewriting systems on nominal terms;
(-, - and other reduction rules can be easily defined as nominal rewrite rules.
For example, the (-reduction rule and the n-expansion rule of the A-calculus [7]
are written as:

app(A([a]M), N) — subst([a|M, N)
a#X + X — A[a)app(X, a))

where the substitution in the §-rule is represented by a term-former, also defined
by rewrite rules. For instance, we can add the following rules, where we sugar
subst([a]| M, N) to M{a— N}, to propagate substitutions avoiding capture:

Ovar) a{a—X} —X

o) a#Y FY{a—X} Y

Oapp) app(X, X" {a—Y} = app(X{a—Y}, X' {a—Y})
o) b#Y F (A X){a—Y} = Ab](X{a—Y})

NN N N

We refer to [19] for more examples of nominal rewriting rules.

A step of nominal rewriting involves matching modulo a-equivalence, which
is decidable [38]. For arbitrary NRSs, checking whether there is a rule that can be
applied to a given term is an NP-complete problem in general [14]. However, if we
only use closed rules, nominal matching can be implemented in linear time and
space [13]. Closed rules are, roughly speaking, rules which preserve abstracted
atoms during reductions (as in the examples above). CRSs, ERSs, and HRSs
impose similar conditions on rules, by definition (ERSs impose a condition on
matching substitutions, which corresponds to our notion of closed rules). We
refer to [21] for an encoding of CRSs using closed nominal rules.

In addition to efficient matching, closed NRSs inherit other good properties of
first-order rewriting: for instance, we have a critical pair lemma (see [19]) which
can be used to derive confluence of terminating systems. Confluent and termi-
nating NRSs with closed rules have a decidable equational theory [20] (see [22,
15] for definitions and examples of nominal equational theories). However, con-
fluence and termination are both undecidable properties. Sufficient conditions
for confluence are given in [19], but so far no techniques are available to prove
termination of NRSs. In this paper, we generalise the recursive path ordering
(rpo) [17] to deal with nominal terms and a-equivalence. We show that the nom-
inal recursive path ordering inherits the properties of the rpo, and can be used
to check termination of NRSs. We then use this ordering to design a completion
procedure & la Knuth and Bendix [28] for closed NRSs.

The principle behind completion is that if a given equational theory is pre-
sented by a terminating but not confluent rewrite system, then we can try to
transform it into a confluent one by computing its critical pairs and adding
rules to join them, preserving termination (but completion may fail, or may not
terminate). Completion has been generalised to systems that use higher-order



functions but no binders, i.e. with a first-order syntax [29]. In the case of higher-
order rewriting systems, not only we need an ordering that can deal with terms
including binders, but also, after computing a critical pair, we need to be able to
add the corresponding rules if the pair is not joinable. Adding these rules may
not always possible, as mentioned in [33], due to the syntactic or type restrictions
used in higher-order rewriting formalisms. So far, no completion procedures are
available for CRSs, ERSs or HRSs. In this paper, we show that a completion
procedure can indeed be defined for NRSs when the rules are closed. This result
opens the way for the development of tools for automated reasoning in equational
theories that include binders.

Related work. Algebraic A-calculi [10, 11,24, 6, 5] combine the 8-reduction rule of
the A-calculus with a set of term rewriting rules, using capture-avoiding substitu-
tion in g-reductions and first-order matching and substitution for term rewriting
rules. A powerful generalisation of the recursive path ordering to deal with al-
gebraic A-terms was first presented by Jouannaud and Rubio and called the
higher-order recursive path ordering (HORPO) (see [25] and [§]).

The higher-order recursive path ordering can also be applied to other higher-
order rewriting formalisms, such as CRSs [27], HRSs [30], ERSs [26], HORSs [36],
which extend first-order rewriting to include binders using higher-order substi-
tutions and higher-order matching. NRSs also permit binders in left-hand sides,
however, nominal rewriting does not use higher-order matching; instead, it relies
on nominal matching.

The nominal recursive path ordering (nrpo), in contrast to the HORPO, does
not include -reduction. Hence, in this sense nrpo is less powerful than HORPO.
However, thanks to this, nrpo can be more powerful handling the a-equivalence
relation generated by binders, which makes it more powerful for NRSs. On the
other hand, nrpo and HORPO differ also in the way both handle the binders.
In nrpo we take advantage from the fact that the set of atoms and the set of
variables are disjoint.

Overview of the paper Section 2 recalls the notions of nominal terms and nominal
rewriting, to make the paper self-contained. In Section 3 we define orderings for
nominal terms. In Section 4 we define a completion algorithm for NRSs. We
conclude the paper in Section 5.

2 Preliminaries

A nominal signature Y is a set of term-formers (or function symbols)
f,9,..., each with a fixed arity. In the following, we fix a countably infinite set
X of variables X,Y,Z, ..., and a disjoint countably infinite set A of atoms
a,b,c,.... We write a = a and X = X to denote syntactic identity.

A swapping is a pair of atoms, which we write (a b). Permutations 7 are
represented by lists of swappings, generated by the grammar: 7 ::= Id | (a b)~.
We usually omit the last Id when we write the list of swappings that define



a permutation. We call Id the identity permutation, and write 7! for the
permutation obtained by reversing the list of swappings in 7. For example, if
7 = (a b)(b ¢) then 771 = (b ¢)(a b). We denote by 7 o ' the permutation
containing all the swappings in 7 followed by those in 7’.

Definition 1. Nominal terms, or just terms, are labelled trees generated by

the grammar s,t == a | ©X | [a|s | f(s1,...,8n), and called, respectively,
atoms, suspended variables or simply variables, abstractions and function
applications (if n = 0 or n = 1 we may omit the brackets if there is no

ambiguity); atoms and variables are leaves. In w-X, we say that 7 is suspended
on X and we abbreviate 1d-X as X when there is no ambiguity. We write V (t)
(resp. A(t)) for the set of variables (resp. atoms) occurring in t; we will use the
same notation for other syntactic objects, such as pairs of terms, contexts, etc.
Ground terms are terms without variables, that is V(t) = (. We denote by
root(t) the symbol at the root of the term t.

An abstraction [a]t is intended to represent ¢ with a bound. Accordingly we
call occurrences of a abstracted (or bound) if they are under an abstraction,
and unabstracted (or free) otherwise. We do not work modulo a-equivalence;
the a-equivalence relation =, will be defined later.

Ezxample 1. The ML signature includes term-formers app and let of arity 2,
and lam of arity 1. We can write the following terms (the last one is ground):
app(lam([a]a), X), lam([a]lam([b]Y)), let([a]a, a). We will use the following con-
ventions (syntactic sugar): app(s,t) is written (s t), lam([a]s) is written A[a]s,
and let([a]s,t) is written let a = ¢ in s.

The action of a permutation 7 on a term ¢ is defined by induction on the
number of swappings in 7: Id-t =t and (a b)w-t = (a b)-(7-t), where a swapping
acts on terms as follows:

(ab)a=b (ab)b=a (ab)c=c (c¢{a,b})
(a8)-(r-X) = (ab)om)-X  (ab)ldt = [(a bycl(a b)t
(@b)-f(t1,...,tn) = f((a b)ti,....(ab)ty)

Substitutions are generated by the grammar o ::= Id | [X+—s]o. We write
substitutions postfix and write o for composition: t(o o ¢’) = (to)o’.

aXis) =0 ([al)[Xs] = [a](t[Xrs])
b1, ) [Xios] = F(1[X o8], . ta[Xios])
(mX)[X—s]=ms (7)) X—s]=nY

o acts on terms elementwise in the natural way: tId = ¢, {{X—s]o = (¢{X+s])o.
Substitution and permutation commute: 7-(so) = (7-s)o.

Definition 2. Freshness and a-equivalence constraints have the form a#t
and s =, t, respectively, and are specified by rules as follows, where a,b are any
pair of distinct atoms and ds(w,7') = {a | m-a # 7'-a} (difference set).

a#tsy -+ a#sy a#ts rha#X

— (#ab) T TR Ly~ (dabsa) (#absb) ———— (#X)

a#b Cl#f($1, sy Sn) a#[a]s a#[b]s CL#’]T'X




VGGdS(T{',ﬂ',),a#X S1Rat1 - Sp Raln

(Raa) ~
~ (~aX) (~af)
a4 =q @ T X Ry 77-/.X f(81>~--73n) o f(t1>~--7tn)
SRt (ca)smqy (cb)t c¢A(als,[b]t)
(~aabsa) (~qabsb)
[a)s =4 [a]t [a]s =4 [b]t

For example, we can derive a#((a b)-X, (b ¢)-Y) from assumptions a#Y, b#X.
Also, we can deduce (a b)-X =, X from assumptions a#X and b#X, and we
also have as expected [a]a ~,, [b]b. We refer the reader to [19] for more examples.*

We write A, V, I" for sets of constraints of the form a# X, called freshness
contexts or just contexts. We write A - Pr, for a set of constraints Pr, and say
that A entails Pr, when proofs of P exist for all P € Pr, using the derivation
rules above and elements of the context A as assumptions. We will write - Pr
instead @ - Pr when A is empty.

Definition 3. A nominal rewrite rule R=V 1 — r is a tuple of a context
V and terms | and r such that V(r,V) C V(l). A set of rewrite rules is equiv-
ariant when it is closed under permutations. A nominal rewrite system is
an equivariant set R of nominal rewrite rules. We shall generally equate a set of
rewrite rules with its equivariant closure.

Ezxample 2. The rules given in the introduction are examples of nominal rewrite
rules. We now give rules to compute prenex normal forms in first-order logic
using term-formers V, 3, =, A, V (A and V are infix), see also [19]:

a#PF PAV[a]Q = V[a|(PAQ) a#Pt+ (V[a]@Q) AP — V[a](Q A P)
a#PF PVV[aQ — V[a|(PVQ) a#Pt (V[a]Q)V P — ¥[a](QV P)
a#Pt+ P A3Ja]@ — Fa](PAQ) a#PF (Ja]Q) AP — J[al(Q A P)
a#P+ PV 3alQ — Ja)(PVQ) a#Pt (FaQ)V P — Ja)(QV P)
F=(3[a]Q) — V]a]-Q F=(V[a]Q) — F[a]-Q

We say that a term has a position when it mentions a distinguished variable,
we usually write it Id-- or just -, precisely once. Below, C' will vary over terms
with a position. We write C[s] for C[-—s], and [-] when the term C' is precisely
its unique variable. For example, [a](a,-) has a position, but not (-,-) or (a b)--.

Definition 4. Suppose R = V F | — r is a rewrite Tule, s and t are terms,
and A is a context, such that V(R)NV(A,s) =0 (we can assume this with no
loss of generality). We say that s rewrites with R to t in A, and we write

At s Bt whens = C[s'] and there exists 6 such that A+ VO, AF 10 ~, s and
At C[rf] =, t. Here, 0 can be found using a nominal matching algorithm [38,
13]. The rewrite relation —* is the reflexive and transitive closure of this relation.
A normal form is a term-in-context that does not rewrite.

! The version of (xqabsb) used here is equivalent to the standard presentations, and it
is easier to use in orderings in the next sections.



A nominal rewrite system is confluent if, for all A,s,t,¢ such that A +
s —*tand At s —*t/, there exists u such that At —-* wand A+ ¢t/ —* w.
Critical pairs, computed using nominal unification [38,12], are used to check
local confluence, a weaker property, in closed NRSs [19] (defined below).

Definition 5. Suppose R; = V; F1l; — r; fori=1,2 are copies of two rules in
R such that V(R1) NV (R2) =0 (Ry and Ry could be copies of the same rule),
Iy = C[l}] and there is (I',0) such that I' b 110 ==, 150 and I' - V,0 fori=1,2.
Then I' = (110, CO[r20]) is a critical pair. If C = [-] and Ry, Ry are copies of
the same rule, or if I} is a variable, then the critical pair is trivial.

Given a term in context V ¢, or more generally, a pair P = V + (I,r)
(this could be a rule R = V F [ — r), we shall write P* = V" - (I",7) to
denote a freshened variant of P = V F (I,7) (i.e., a version where the atoms
and variables have been replaced by ‘fresh’ ones). We shall always explicitly say
what P" is freshened for when this is not obvious. For example, a freshened
version of (a#X F X — X)) with respect to itself and to the term-in-context
d#XFad is (a"#X'F X' — X'), where a” £ a,a’ and X’ £ X. We will write
A(P")#V(P) to mean that all atoms occurring in P’ are fresh for each of the
variables occurring in P.

Definition 6. Let V" - t" be a freshened version of V = t. We say that V &t is
closed if there exists a substitution o such that V,A(V' = t#V(VEt)F Vo
and V,A(V'"Et#V(V Ft) Ft'o =, t. This can be checked using the nominal
matching algorithm. This definition applies to nominal rewrite rules, and to pairs
P =V £+ (l,r) in general, using (, ) as a term-former.

Let R=V F 1 — r be a nominal rewrite rule. We write A+ s jc t when

A A(RM#V (A 8) F s B¢ and call this a closed rewriting step. Here R" is
freshened with respect to R, A, s, and t (as shown in [19], it does not matter
which particular freshened R" we choose).

The intuition is that a closed rule generates the same rewrites with closed
rewriting as its (infinitely many) renamings. Although there are interesting sys-
tems, such as the axiomatisation of the m-calculus [19], which are not closed, all
the systems that arise from functional programming (including the axiomatisa-
tion of the A-calculus) are closed, and all the systems that can be specified in a
standard higher-order rewriting formalims are also closed (see [21]).

We will say that an NRS is terminating if all the rewrite sequences are
finite. Closed NRSs inherit properties of first-order rewriting systems such as the
Critical Pair Lemma: If all non-trivial critical pairs of a closed nominal rewrite
system are joinable, then it is locally confluent. If, in addition, it is terminating,
then it is confluent.

In the rest of the paper we will always work with closed NRSs, using closed
rewriting.



3 Reduction orderings for nominal terms

In this section we will define two relations between nominal terms in context,
inspired by the recursive path ordering (rpo). The rpo, introduced by Der-
showitz [17], is a well-founded ordering on first-order terms based on simple syn-
tactic comparisons, using a precedence on function symbols. It has been widely
used to prove termination of first-order rewriting systems.

The first ordering that we will define simply equates all the atoms (by col-
lapsing them into a unique atom a) and uses a precedence on the signature X' of
a nominal rewriting system extended with a and an abstraction operator for a.

In order to define this ordering, we first define a translation function * such
that ¢ coincides with ¢ except that all the atoms have been replaced by a dis-
tinguished atom a. For example, the translation of subst([b]b, ¢) is subst([a]a, a)
(we omit the inductive definition of this translation function). Then, to define
AF s> t, we compare § and f using the standard rpo, with a precedence > 5 on
Y U{a,la]-}, such that f >y [a]- >x a for all f € X. In other words, > is simply
the rpo using the above precedence on the translated terms. We give a direct
definition of > below, where > is the reflexive closure of >, and >,,,; denotes
the multiset extension of >.

Definition 7. Let A be a freshness context and s,t nominal terms over X. Let
>y be a precedence on Y. We write A &+ s > t, if § is greater than t in the
recursive path ordering, which is defined by cases as follows:

1. [als>tifs>t

2. s> [a]t if root(s) € X and s >t

3. [als > [alt if s >t

4. [a]ls >a

5. f(s1,...,8n) >t if s; >t for somei, f € X

6. f(s1,---,8n) >g(t1,..., tm) if f >5 g and f(s1,...,8n) > t; for alli

7. f(s1,...,80) >

8. f(sl,...,sn)>g(t1, cotm) if f=s g and {s1,...,8n} >muw {t1,--,tm}-

In the definition above, we have not included a and the abstraction operator
in the precedence, but we have given explicitly the cases for comparison with
abstraction and atoms (which correspond to f > [a]- > a in the precedence).

For example, we can use this ordering to orient all the rules in the nominal
rewriting system given in Example 2 to compute prenex normal forms of first-
order logic formulas. For each rule, we can show A [ > r if we consider a
precedence >y such that A >y V, A>xy A, V>V, V>ys 3 a>gV, o>y 3

It is easy to see that the ordering defined above satisfies all the required
conditions to be used as a reduction ordering: > is transitive, irreflexive, well-
founded, and preserved by context and substitution, because we have A F s > ¢t
if and only if § >,p, t. It is also easy to see that > is preserved by =, that is,
it works uniformly in a-equivalence classes. This is because all the terms in the
a-equivalence class of ¢ are mapped to the same term ¢.



Compared with higher-order versions of the rpo that deal also with S-reduction,
this ordering is of course less powerful. But on the other hand, this ordering can
compare terms that are not comparable in the higher-order rpo, not even in the
parametric version [8], as the following example shows.

Ezample 3. The following example is taken from [8], where it is shown that these
terms, or more precisely the corresponding terms in a A-calculus extended with
constants, can be compared under the parametric higher-order rpo (an extension
of the higher-order rpo).

To prove  f(g([x]f(z,z)), g([x]f(z,x))) > [z]f(z,z) we need to show that
g([a]f(a,a)) > a, which is a direct consequence of the fact that a is smaller than
terms rooted by function symbols.

More interestingly, the following terms can be compared using > but are not
comparable under the parametric higher-order rpo:

Ff(9(X,Y)) > g(X, [alf(h(Y, a)))

To show that this holds, assume f >x g >5 h. We show - f(g(X,Y))) > X and
F f(9(X,Y))) > [a]f(h(Y,a))). The first one is trivial since it is included in the
subterm relation. For the second, we show F f(¢(X,Y))) > f(h(Y,a))), which
requires g(X,Y) > h(Y,a). Since g(X,Y) > Y, and g(X,Y) > a, we are done.

It is easy to see that this ordering is not stable under the usual notion of
capture-avoiding substitution for atoms (since we are equating all the atoms!).
This is not a problem in itself: substitution for atoms is not a primitive op-
eration for nominal terms. Moreover, we can orient with > the rewrite rules
Ovar; Oe, Tapp, Ox given in the introduction to define the capture-avoiding substi-
tution of the A-calculus.

However, for certain applications it may be convenient to consider an ex-
tended framework including capture-avoiding substitution for atoms as a primi-
tive operation. The ordering above allows us to deal with substitutions for atoms
in the g-reduction rule, but it is not suitable if we substitute arbitrary atoms
in terms. To address this point, below we define a version of >, which we will
call >p,po, where instead of replacing all atoms by the same one, we replace and
equate abstracted atoms. For this we will use a generalisation of ~,, denoted by
1. We start by defining <.

Definition 8. Let C = {c¢1,ca,...} be an infinite set of distinguished atoms. We
define inductively the relation i, or just < if C is clear from the context, using
the following axioms and rules:

c,c; €C Va € ds(m, '), a#X or ma,n"-a € C
() 2T (<)
atia ¢i X ¢y mXxn X
Sy Dty cce 8y DA T, st
(><f) —— (<absa)
F(s1y ey 8n) D f(t1,. 0y tn) [a]s > [a]t

(ca)sma(ch)t ceC,cdg Alals, [b]t)
[a]s <t [b]t

(r<absb)



The relation < is a generalisation of ~, that equates the atoms in C. It has
similar properties to ~, regarding freshness constraints and permutations. The
proofs of the properties given below are in the appendix.

Property 1. 1. If A s, tthen Al spat.

2. f AF st and AF a#s then AF a#t or a € C.

3. If A spatthen A 75 b mt, for any m such that Ve € C, w-¢c € C or
(c & A(s,t) and AF c#ts,t).

Using the properties above, we can prove that > is an equivalence relation.
Property 2. The relation i is reflexive, symmetric and transitive.

In order to define >,,,,, we consider, as above, a precedence > on the
signature Y’ of a nominal rewriting system. Also as above, in the definition of
the ordering we use its multiset extension. The main differences are that now
>nrpo 18 the union of >, and ~,, that is, syntactic equality is replaced by
the more general ~,, and we define >,,,, using the auxiliary relation <. In the
definition of >,,,, below, we write A.4s; to denote a freshness context such
that Acusi b s, c#t; such a context always exists if ¢ € A(s, t).

Definition 9 (nrpo). Let > be a precedence on the signature X of a nominal
rewriting system, A a freshness context, and s,t terms. Let C = {c1,ca,...} be
a set of atoms such that C N A(A,s,t) = 02. We define A& s >ppp0 t, or just
AF s >t, by cases below, where > is > U .

1. AF[als >t if AUAs1 F (a ¢)-s > t, for an arbitrary c € C—A(A, [a]s, t).

2. AF s> [a]t if root(s) € X and AU Acgs i F s > (a ¢)-t, for an arbitrary
ceC—A(A,s,]alt).

3. AF als > Dt if AU Acgsy = (ac)-s > (be)t, for an arbitrary c €

C — A(4,[a]s, [b]t).

AFals > [alt if AF s >t.

At fals > cifceC.

Ab f(s1,...,80) >tif AF s; >t for some i.

AbF f(s1,..0y80) > g(t1, .. oytm) f f >x g and AF f(s1,...,8,) > t; for

NS s

o

AF f(s1,...,8,) >cifceC.
9. AF f(s1,-.0y80) > glt1,.-ytm) if [ =5 g and A F {s1,...,8.} >mu
{t1,.. . tm}-

Before showing that >y, is indeed an ordering with the desired properties,
we give an example of application, where we use >,p, to orient the rules in
Example 2.

Ezample 4. For all the rules A - — r in Example 2, A &= [ >, 7 if we
consider a precedence >y such that A >y V, A>3, V>pV,V>gd ->xV,
= >y J. We show the derivation for the first rule only:

2 Any such set C can be used due to the equivariance of the nominal framework.



Since A >x V, it is sufficient to show a#P F P AV[a]Q > [a](P A Q) and
since we now have an abstraction in the right-hand side, it is sufficient to show

a# P, c#P,c#Q F P AV[a]Q > (a ¢)-P A (a 0)Q.

We now use case (9), and compare their subterms. Since a#P, c#P, c#Q +
P =, (a ¢)-P, it boils down to proving a#P,c#P,c#Q + V[a]@Q > (a ¢)-Q,
for which it is sufficient to show a#P, c#P,c#Q F [a]Q > (a ¢)-Q. This is a
consequence of a#P, c#P,c#Q,d#Q F (a ¢)-Q > (a ¢)-Q, which holds since
ds((a ), (a ¢)) = {a,c,c'} and we can use (~X)) to derive

a# P, c#P, c#Q, #Q + (a )-Q = (a ¢)Q

We can also orient the substitution rules for the A-calculus (see the Introduc-
tion) using a precedence where subst > app and subst >x A. The 3 rule can
be oriented with a precedence such that app > subst (as expected, we cannot
orient both 8 and the substitution rules). We give more examples below.

The nominal recursive path ordering >,p, is a generalisation of the recursive
path ordering to take into account atoms, abstractions, and ~,. We use permu-
tations in Definition 9 to ensure that substitutions (of terms for variables) are
dealt with correctly, and we use the atoms in C to make sure that substitutions
of terms for atoms can also be performed, although as we mentioned before this
is not a primitive operation in our framework. Freshness contexts are needed to
deal with ~,. We show below that >,,,, satisfies the properties of the rpo.

Property 3 (Reduction Ordering). The nrpo has the following properties:

1. It is a decidable relation.

2. If AF s >pp0 t then:

(a) For all C[-], AF C[s] >nrpo C[t].

(b) For all m, At 78 >pppo 7.

(c) For all I' such that I' - Ao, I' F 50 >pp0 to.

It is an irreflexive and transitive relation.

4. Tt is well founded when the precedence is well-founded: there are no infinite
descending chains A F 51 >prp0 S2 >nrpo - - -

@

Proof. 1. Decidability follows from the decidability of nominal constraints [38].
2. The first part follows directly by induction on C[-].
We now prove that the ordering is preserved by permutation and substitu-
tion. By assumption, CNA(A, s,t) = 0 and A+ s > t. Without loss of gener-
ality we can assume that CNA(7, o) = 0 (this implies that m-c = ¢, Ve € C).
We proceed by induction on the definition of >. The only interesting cases
are the ones that deal with abstractions. We show the first case for both
properties:
Assume A+ [a]s > t because AU Apusy b (a ¢)-s >t where ¢ € C is a new
atom. Also AUA 45+ = c#s,t by definition of A4, ;. We need to prove that
A b 7[a)s > wt. Since 7-[a]s = [r-a]7-s and 7-((a ¢)-s) = (7-a ¢)-(7s) by



assumption, the result follows by induction. Note that in case AU Agyq: F
(a ¢)-spat, we obtain AU Acys s Fm((a ¢)-s) panmt by Property 1.

We also need to prove that I' b ([a]s)o > to. Without loss of generality we
can assume that ¢ is fresh also for ([a]s)o, to. Since ((a ¢)-s)o = (a ¢)-(so),
the result follows by induction.

3. By induction on the definition of >,,,,. The proof is similar to the one given
by Dershowitz for the rpo in [17]. In the proof of transitivity the interesting
cases are the ones that deal with abstractions, for which we use the fact that
> is compatible with > (see Lemma 1 below).

4. To prove that the ordering is well-founded, we show that it is included in an
ordering that contains the subterm relation, and we can then use Kruskal’s
Tree Theorem, as in the case of the rpo.

The following lemma shows that > is uniform on the equivalence classes
generated by .

Lemma 1 (> is compatible with <1). Assume Ak sxts’ and AFtat'. If
AF s>t then also AFs' >t and Ak s> t.

Proof. In both cases, we proceed by induction on the size of s, ', ¢,t’. We distin-
guish cases according to the definition of A F s > ¢ (without loss of generality
we assume that the set C does not include atoms used in s',t').

We show the first case for abstraction (the other cases are similar, or follow
directly by induction).

Assume A & [a]s > t because AU Acps . - (a ¢)-s > ¢, for some fresh ¢ € C.
Also, AU Acys s - c#s,t. We can assume without loss of generality that c is
also fresh for s’ and ¢ in AU Acys .

Since A F [a]s a1 ¢/, there are two cases:

— ¢’ =a]s” and A+ spas”, in which case AU Acys i - (a €)-s< (a ¢)-s" by
Property 1 and therefore by induction (or transitivity of >t if A & (a ¢)-s > t)
we obtain AU Aggs F (a ¢)-s” > t, which implies A F s" > ¢.

— s = [bls” and A F (c a)s < (¢ b)-s” (without loss of generality we can
assume the same c¢ is used here). Then A b (¢ b)-s” > ¢ by induction (or
transitivity of ). Again we conclude that A F s’ > t.

Also, since A ¢ > ¢/, by induction AUA 45, F (a ¢)-s > t/, and this implies
Al [a]s > t.

As a corollary, we deduce that the nominal recursive path ordering >, po is
also a-compatible, in the following sense:

Corollary 1 (a-compatibility). Assume A b s =, s’ and A+t =, t'. If
AbE s >pmpot then also Al s" >pppo t and Al s >0 t.

Proof. Consequence of Lemma 1 and Property 1 (&, is included in ).



More interestingly, >.,po is also stable by the standard capture-avoiding
notion of substitution for atoms. Substitutions for atoms cannot be applied on
variables, so we will prove this property for ground terms only. In the statement
of the property below we will use 7 to denote a substitution for atoms (not to
be confused with the substitution on variables, which is primitive in the nominal
framework and does not avoid capture)

Property 4. Let s,t be ground terms. If = s >, t then also F sT >p.p0 t7,
where 7 is a capture-avoiding substitution for atoms.

Proof. First we show that 0 is preserved by atom substitution. We do this by
induction on the definition of 1, where without loss of generality we assume that
CN(dom(r)UIm(r)) = 0, that is, C does not contain atoms that will be affected
by 7 or introduced by 7. We distinguish cases according to the last rule used to
derive | s 1 t. The cases for (~a) and (xc) are trivial, and the cases for (=f) and
(absa) follow directly by induction. The interesting case is (~absb). Here, we
have - (¢ a)-s' > (¢ b)-t', where c is fresh and s = [a]s’,t = [b]¢'. By induction,
F ((c a)-s')T < ((¢ b)t')T. Moreover, since c is fresh, by definition of capture-
avoiding substitution ([a]s’)T = ([¢](c a)-s")T = [c]((c a)-s')7 (and similarly for
[b]t'). Since < is preserved by context and includes =%, (by Property 1), and is
also transitive (by Property 2), we deduce b s7 < t7.

We prove now that >,,,,, is preserved by atom substitution. Assume - s >
t using a set of atoms C (without loss of generality we assume that C does
not contain atoms occurring in 7). We proceed by induction on >. The only
insteresting cases are the ones for abstraction. We show the first one:

Suppose I s > t because s = [a]s’ and F (a ¢)-s' > t. Then, by induction and
preservation of 1 by substitution, F ((a ¢)-s’)7 > t7. Now, we observe again that
([a]s")T =a ([c](c a)-s")T = []((c a)-s")T, since ¢ is a fresh atom. We conclude
that [c]((c a)-s")T > tT, and since > is &2,-compatible (Property 1), we are done.

Ezxample 5. We can use >0 to compare the terms f(g([z]f(z, x)), g([z]f(z, x)))
and [z]f(z,z), as in Example 3. Indeed, we can show

= fg([2lf (z, @), g2l f (2, 2))) > [a]f (2, z)

as follows: Using case 2 in Definition 9, we need to prove

= f(g([z]f (z, 2)), g([] f (2, 2))) > [(c, c)

for some fresh ¢ € C, which requires g([z]f(z,x)) > ¢, and this holds by definition
(all terms rooted by a symbol in X' are greater than c).

Unlike > in Example 3, >, cannot compare f(g(X,Y))) and ¢g(X, [a] f(h(Y, a)))
in the empty context. This is not surprising, because the relation would not be
stable by substitution for variables and atoms if it included these terms. The
reason is that, in the empty context, we can instantiate ¥ with a term which
contains a. Then the term in the left would have a free, whereas the one on the
right has a bound.



However, it is possible to compare these terms in a context where a is fresh
for Y: Y b F(g(X,Y))) >nrpo 9(X, [al F(R(Y, ).

To show that this holds, assume f >y g >y h. Then we show a#Y F
f(g(X,Y))) > X and a#Y + f(g(X,Y))) > [a]f(h(Y,a))). The first one is triv-
ial. For the second, we show a#Y, c#Y,c#X F f(g(X,Y))) > f(h((a ¢)'Y,¢))),
which requires a#Y,c#Y,c#X b g(X,Y) > (a )Y and a#Y,c#Y,c#X F
9(X,Y) > c. The first holds because a#Y,c#Y,c#X FY =, (a ¢)'Y, whereas
the second holds directly by Definition 9, case 8.

The orderings defined in this section can be used to prove termination of
NRSs, as the following theorem states.

Theorem 1. If for all V = | — r in a nominal rewrite system R we have
V 1 > r, where > is one of the orderings defined in this section, then R is
terminating.

Proof. Since the orderings are preserved by =2, substitution and context (see
Property 3 and Lemma 1), all rewrite sequences are strictly decreasing. More-
over, since the orderings are well-founded (see Property 3), all rewrite sequences
are finite.

Note that the theorem above requires that all the rules be oriented in order
to derive the termination of the system, and a nominal rewrite system may have
a potentially infinite number of variants of each rule (NRSs are closed under
equivariance). However, since the ordering is itself equivariant, it is sufficient to
orient one variant of each rule.

4 Completion for nominal rewriting systems

Let F be a nominal equational theory, that is, a set of axioms of the form
A; F s; = t;. If the axioms in E can be oriented to form a confluent and
terminating closed rewrite system, then closed nominal rewriting can be used to
efficiently decide equality modulo F and =, (see [20]). However, finding a set of
rewrite rules equivalent to F and with the right properties is not an easy task.

To prove termination of the oriented equations, we can use the extensions
of the rpo defined in Section 3. Then, if the system is terminating, to prove
confluence it is sufficient to prove local confluence [31]. If the system is not
locally confluent, we can try to complete it. Completion procedures were first
described by Knuth and Bendix [28] for first-order rewriting. Completion of
higher-order rewriting systems is based on the same principle: a terminating,
non-confluent system can be transformed into a confluent one by adding rules
to ensure that all the critical pairs are joinable, while preserving termination.
Obviously, completion may fail (for instance, we might not be able to orient a
critical pair) or may not terminate (generating new critical pairs for the added
rules). In the case of higher-order rewriting systems, the difficulty lies not only
in the definition of a suitable ordering, but also in that after computing an



orientable critical pair, we might not be able to add the corresponding rule due
to syntactic or type restrictions. So far, no completion procedures are available
for CRSs, ERSs or HRSs.

In the case of NRSs, a critical pair generated from two closed rewrite rules is
also closed (we prove this property below). Then, given a closed rewrite system,
we can complete it by computing all critical pairs and checking their joinability
(i.e., that both terms in the pair have the same normal form, which exists if the
term rewriting system is terminating). If they are not joinable, then the pair will
be added as a new rule, provided it can be oriented.

In order to prove that all the rules generated by the completion procedure
are closed, we need some lemmas.

Lemma 2. Assume A&t is closed. If AFt =, t then At is closed.
Proof. Consequence of the fact that Definition 6 takes into account ~.

Lemma 3. 1. If At (s,t) is a critical pair from a closed nominal rewriting
system, then AF (s,t) is closed.

2. If A& s is closed and A = s —& t with a closed rule R then A & (s,t) is
closed.

3. If At (s,t) is closed and A -t —E w using a closed rule, then A& (s, u) is
closed.

Proof. (Sketch) We use a structural characterisation of closedness [16]. A term
in context A |-t is closed if:

1. Every atom a in t is below an abstraction [a]- in the syntax tree.

2. For any atom a, if a is bound in an occurrence of X in ¢ (i.e., if there is an
abstraction [7-a] above 7-X in the syntax tree), then either it is bound in
all occurrences of X in t or a# X € A.

3. If m1-X, ma-X occur in ¢, then for all @ € ds(mq,m2), if @ is not bound in one
of the occurrences then a#X € A.

The first property can be proved directly by observing that the structural
conditions above hold for At (s,t), using the fact that critical pairs are com-
puted using versions of the rules with disjoint variables, and the substitution
used to generate the critical pair is a principal unifier.

To prove the second property we use Lemma 2, and rely on the fact that
closed rules do not contain occurrences of free atoms, by definition of rewrite
rule any variable occurring in the right-hand side of a rule must also occur in
the left-hand side, and closed rewriting is uniform [19], that is, any atom that is
fresh in s remains fresh in ¢.

The third property then follows from the fact that A F (¢, u) is also closed,
using the second property.

Below we specify a completion procedure for NRSs as a set of transformation
rules on pairs (F,R) consisting of a nominal equational theory and a set of



nominal rewriting rules, in the style of Bachmair et al. [3] (see also [4]) to produce
an inter-reduced system.

Input:

(E,0) and a (well-founded) reduction ordering >, for instance the nrpo.

Transformation rules:

R)
EUAFs=6R

)
EUAFs=tR)
EUAFs=5TR)

(E, EUAFs=tR) if AF (s,t) is a critical pair of R
(

(

(

(FUAFs=tR

(

(

(

= (
= (E,RUAFs—t)ifAFs>t
= (E,RUAFt—s) ifALt>s
= (E,R)
=>(EUA|—3 =t,R)ifAFs—% s
= (EUAFs=t'R)if Art =%
= (E,RUAFs—t)if Abt =%t
= (EUAFS =tR)ifAFs—% s
using VHI—reRand
[ does not reduce with A+ s — ¢

)
EUAFs=1tR)
ERUAEs—1t)
ERUAE s—1t)

As in the case of first-order rewriting, the rule that computes critical pairs
should be used in a controlled way, keeping track of the pairs that have already
been computed in order to avoid computing the same critical pair repeatedly in
the first rule. Different versions of completion use different strategies to apply
the rules above. In general, the completion procedure may loop, fail if it reaches
a pair (E,R) where the equations in E cannot be oriented, and succeed if it
reaches an irreducible state (), R) where all the critical pairs in R have been
computed and the last two transformation rules are not applicable. In the latter
case, we say that R is the result of the procedure.

Theorem 2. If the completion procedure succeeds for a given set E of closed
equational azioms, obtaining R as a result, then R is a confluent and terminating
nominal rewrite system, and —%* coincides with the original =g (i.e. the set
R, considered as a set of equations, is equivalent to the set E).

Proof. The rewrite system R is terminating by Theorem 1, because all the rules
have been oriented according to the given ordering, which we are assuming to be
well-founded and preserved by substitution and context. It is confluent because
it is also locally confluent: since the completion procedure has succeeded, all the
critical pairs have been computed and are joinable.

To prove that the symmetric closure of the rewrite relation coincides with =g,
we proceed as in the first-order case, showing that each step in the derivation
(E,0) =* (0,R) adds a rule which is either an oriented axiom from E or a
consequence of the axioms in F.

To decide if two terms in context are equal modulo the equational theory
generated by a confluent and terminating rewrite system it suffices to check
that both terms have the same normal form. Thus, if the completion algorithm
succeeds for a given FE, the equational theory generated by E is decidable.

We end this section with two examples of completion.



Ezample 6 (Extracted from [33]). As ordering take nrpo with any precedence.

() a#X + A([a]app(X, a)) — X
(1) app(L,Y) — L

There is a critical pair between these rules, since a# X, app(X, a) 2/ app(L,Y)
has solution {X — LY — a}:

A([a]L) = L  which can be oriented into A([a]Ll) — L

Ezample 7 (Summation). The following example is an adapted version of the one
given in [35]. As ordering take nrpo with precedence X > + and X > app > id.

a#F + X(0,[alapp(F,a)) — 0

a#F = X(s(N), [alapp(F, a)) — app(F, s(N)) + X (N, [alapp(F, a))
’Ld(X) — X
app(id0, X ) — id(X)

With the fourth rule applied on the first and the second we obtain the following
two critical pairs

X(0, [alid(a)) =0
X (s(N), [a)id(a)) = app(id0, s(N)) + X (N, [a]app(id0, a))

The obtained equations can be simplified and oriented into

X(0,[ala) — 0
2(s(N), [a]a) — s(N) + (N, [ala)

The resulting set of rules is closed.

5 Conclusions

We have defined two extensions of the rpo to deal with a-equivalence classes of
terms using the nominal approach. The first extension is simple and remains close
to the first-order rpo while respecting a-equivalence. The second extension is a-
compatible and stable under atom-substitution. In both orderings it is possible
to orient pairs of terms containing free atoms (although this is not needed to
orient rules in closed systems) and variables.

Using the orderings we have designed a completion procedure for nominal
rewriting systems, which generalises the Knuth-Bendix procedure for first-order
rewriting. This is, to our knowledge, the first completion procedure available for
rewrite systems with binding.

As future work, we would like to consider other term orderings, such as the
ones defined using polynomial interpretations (see [2,18]), as well as more so-
phisticated termination proving techniques like the dependency pair method [1]
or the monotonic semantic path ordering [9].

We also plan to investigate reacher languages than equational logic. A first
natural step is to extend the calculus to Horn or general equational clauses,
which can be done by extending the paramodulation inference rule [32] for the
nominal case.
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A  Appendix: Proofs

The relation < is a generalisation of ~, that equates the atoms in C. It has
similar properties to =2, regarding freshness constraints and permutations:

Property 5. 1. If A s, tthen A spat.

2. f A st and Al afts then A a#t or a € C.

3. If AF st then A F s 7+t for any 7 such that Ve € C, w-¢c € C or
(c € A(s,t) and A & c#s,t).

Proof. The first part is proved by induction on the definition of ~,, distinguish-
ing cases according to the last rule used to show A F s =, t. Most cases are
straightforward, since the definition of < includes the rules an axioms used to
define ~,. The only interesting case is (xqabsb), where, since C is infinite, we
can always choose ¢ € C such that ¢ ¢ A([als, [b]t); the result then follows by
induction.

The second part part is proved by induction on . The interesting cases are
(absb) and (xX). If the last rule applied was (~absb), the induction hypothesis
allows us to conclude, since A b a#ts implies A b m-a#n-s for any A, 7, a,s.
If the last rule applied was (~X), then s = 7m-X and ¢t = 7/-X. Since A & a#s
by assumption, then A F 7~ .a#X. If 7/~1.a = 7~ '.a we are done, otherwise,
7'~1.a € ds(m,7') and therefore either A - 7/~ L.a#X and thus A a#7’-X, or
7’«(7'~1-a) € C and thus a € C.

The third part is also proved by induction on <. We distinguish cases ac-
cording to the last rule applied:

The case for (xa) is trivial, and the cases (=f) and (~absa) follow directly by
induction.

If the last rule applied was (xc), then by assumption 7-s and -t € C, hence
Ab s>t by (xc).

If the last rule applied was (<X), then we have s = 7/-X and ¢ = 7”/-X. Since
ds(mon’,mon") =ds(n’, "), for all a € ds(mon’,mon") we have A+ a#X or
7'-a,7"-a € C. By assumption, the latter implies 7-(7"-a) € C and =-(n"-a) € C
or -a,"-a#n’- X, n"- X, which implies a#X. Thus, A b 7-(7'-X) < (7" X)
by (<X).

If the last rule applied was (mabsb), then s = [a]s’ and t = [b]t/ and A
(¢ a)-s' (¢ b)-t, for some fresh atom ¢ € C. If for some ¢’ € C, m-¢’ € C then
A F d'#[a)s, [b]t by assumption, and since ¢ is fresh (without loss of generality we
can assume 7-¢c = c), then A b ¢'#(c a)-s', (¢ b)-t’. By induction, 7-((c a)-s) >
7+((c b)-t') and since 7-((c a)-s’) = (¢ m-a)n-s’ (and similarly for 7((c b)-t')), we
conclude A 78 b1 7+t by (<absb).

Using the properties above, we can prove that > is an equivalence relation.
Property 6. The relation i is reflexive, symmetric and transitive.

Proof. Reflexivity and symmetry follow by straightforward induction on the def-
inition of <.

Assume A st and AF ¢ u. We prove A F s> u by induction on the
size of s. We distinguish cases as follows:



s€ A: If s=a & C then t,u = a and the result follows by (xa). Similarly, if
s =c e C, then t,u € C, and the result follows by (xc).

s = f(s1,...,5n): Then also t and u are rooted by f, and the result follows
by induction.

s = mX: Then also t = 7"-X and u = 7”-X. If a € ds(m,n”) then a €
ds(m,7') or a € ds(m,n") and the assumptions on ds(mw, 7’),ds(n’,n"") allow
us to conclude that A F s> u.

s = [a]s’: Then t and u are also abstractions. We distinguish cases according
to the atoms abstracted in ¢ and w.

o If t = [a]t’ and u = [a]u’ then we conclude directly by induction.

o If t = [a]t’ and u = [blu/, then At §' <t/ and A F (a ¢)t' > (b ¢)-u
for some fresh ¢ € C. Without loss of generality, we can assume that ¢
is also fresh for s’ and then we can use Property 1 (part 3) to derive
AF (a ¢)s > (a ¢)t'. By induction, A F (a ¢)-s' > (b ¢)-u’, and we
conclude using (absab).

o If t = [b]t’ and u = [bJu’ we proceed as above.

o Ift = [b]t' and u = [d]u’ then A+ (a ¢)-s' > (b ¢)-t’ for some fresh ¢ € C.
Without loss of generality, we can assume that the same c is fresh for [d]u’
too, and A+ (b ¢)-t' > (d ¢)-u’. By induction, A & (a ¢)-s' =<1 (d ¢)-u/,
and we conclude using (absab).



