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Frege was the first to formulate the syntax of a language with binders. He used
two disjoint sets of variables, global variables using Latin letters and local variables
using German letters [13, page 25]. Later [4], for instance, followed this approach.
Traditionally, logic and A-calculus have been formulated using only one sort of
variables, but approaches using two species of variables have reappeared in recent
years [2,6,5,7,1]; this is our approach in this paper.

This abstract is organized as follows. In section 1 we introduce the set S[X]
of symbolic expressions freely generated from a countable set X of atoms (global
variables) and natural numbers (serving as a second species of names for local vari-
ables). In contrast with de Bruijn indices [2] our natural number local variables
are used as names, directly referring to corresponding name-carrying binders. We
also introduce a new notion of B-algebra and characterize the set of symbolic ex-
pressions as a free B-algebra. We define substitutions as B-algebra endomorphisms
on S. Atom permutations (i.e. bijective substitutions) are automorphisms and the
group of permutations acts on S, inducing a notion of equivariance. Concretely,
the notion of substitution satisfies purely structural equations; there is no need for
renaming variables while computing substitutions. This section closes by defining
a function on S for canonically choosing the names of bound local variables.

In Section 2, we introduce the internal syntax for A-calculus, so called because
it can be easily implemented on a computer. Rather than quotienting the raw
symbolic expressions by a-equivalence, as is usual, we define the set L of A-terms
as a subset of the free B-algebra S. Substitution (as defined on S) is closed on L.
In this paper, we use the untyped A-calculus as a canonical example of linguistic
structure with variable binding.

* This work is an extensively revised version of [10].
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Elsewhere, we also introduce external syntax which is intended to be used by
humans. The external syntax is explained in terms of the internal syntax. We omit
the external syntax from this workshop version; it is described in [10] and in an
extended paper currently being written.

Formalization

The development of L, and some examples, has been formalized in nominal
Isabelle [12]. We use a nominal Isabelle atom type for X, and take advantage of
convenient automation tools provided by nominal Isabelle. We show that . and
nominal lambda terms are isomorphic by a function that respects substitution,
adding some confidence in the faithfulness of both representations.

1 Symbolic expressions

Define the set S[X] of symbolic expressions as a free algebra (datatype) generated
from a denumerably infinite set X of atoms (also called global variables) and from
the set N of natural numbers (which includes 0, and are called local variables). We
use ‘X', 'Y’ ‘Z’ for global variables, ‘x’, ‘y’, ‘2’ for local variables, and ‘M’, ‘N’,
‘P’, ‘@)’ for symbolic expressions.

X: X r: N M:S N:S M:S
X:S z:S (M N):S [x1M :S

This definition reflects our idea that local variables may get bound by abstraction
‘[z] M’ but global variables cannot be bound, even syntactically.

The domain of symbolic expressions is our universe of discourse in the rest of
the paper. As usual we have structural induction, and well-founded induction on
the size of symbolic expressions. Since S is defined depending on X, we write ‘S[X]’
for S when we wish to emphasize the dependency.

A B-algebra (‘B’ is for ‘binding’) is a triple

(A,O:AxA— A [1:NxA— A

where A is a set containing N as a subset. A B-algebra homomorphism is a function
h from a B-algebra A to a B-algebra B such that for all M, N € A and x € N:

h(z) =z, h((M N))= (h(M)h(N)), and h([zIM) = [z]h(M).
It is easy to see that (S[X], O :SxS—S,[1:NxS —S§) is a free B-algebra with

the free generating set X. In fact, let B be a B-algebra; any p: X — B can be
uniquely extended to a B-algebra homomorphism [p] : S[X] — B as follows:

(i) [o)X £ p(X)

(ii) [o)z & .

(ifi) [0 (M N £ ([p]M [o] V)
(iv) [p] 21 M 2 [21[p] M
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Consider the case where B is S and p: X — S is a finite map. We call such a map
a substitution. If p sends X; to P; (1 < i < n, X; distinct) and fixes the rest,
[p] : S — S is an endomorphism and we write ‘[P;/X;| M’ for [p]M. The substitution
operation commutes with the B-algebra operations.

An endoporhism [p] is an automorphism if and only if p is a permutation, that
is p: X — X is a bijection. The group Gx of finite permutations on X acts on the
B-algebra S[X] by the group action [r]M. For each m € Gx the group action [r](—)
determines a B-algebra automorphism on S[X]. From this group action we have
the general notion of Gx-equivariant maps. That permutations of global names
preserve interesting judgements about languages with binding was observed and
used in formal reasoning by [7,8]. That this is an instance of the general notion of
equivariance was first emphasized by [3,9].

We need to define another operation for “going under binders”, which substitutes
a symbolic expression P for free occurrences of a local variable y in M:

. AN

(i) [Ph]X =X.

N P ifIL‘:y,
xr ifx#y.

(iii) [Pfy] (M NY = ([PyIM [PyIN).

(i) [Plyle

M T
(iv) [Ply] 21 M 2 (e By
] [Ply|M if x #y.

This operation is purely technical; it doesn’t correspond to a natural operation on
the informal notion of terms. In particular [P/y] is a function from S to S but,
unless P is y, it is not a B-algebra homomorphism since it neither preserves y nor
commutes with the abstraction operation [y](—).

Now we define a function H : X x S — N which will play a crucial role in our
development of the internal syntax (section 2).

1 ifxX=Y,
0 fX#£Y.

1>

(i) Hx(Y)

(ii) Hx(z) 2.
(iii) Hx((M NY) £ max(Hx (M), Hyx (N)).
(iv) Hx([z]M) A Hx(M) ifHx(M)=0orx=0or Hx(M) > z,

T+ 1 otherwise.

We call Hx (M) the height of X in M. Note that H is equivariant
[mHx (M) = Hzpx ([7] M), (1)

and Hx (M) = 0 if and only if X does not occur in M. If Hx(M) = n + 1, then
(writing M in tree form) either n = 0 and X occurs as a leaf at least once in the
tree and all the paths from the root to X do not go through a non-zero binder, or

3
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n is the largest binder among all the binders we encounter if we go down the tree
from the root to all the occurrences of X.
2 The internal syntax

We inductively define ‘I, the set of A-terms, as a subset of the free B-algebra
S[X U {app, 1lam}|, where X contains neither app nor lam.

M:L N:L M:L x=Hx(M)
X:L (app M N) : L (lam [z][z/X]M) : L *

L is an equivariant predicate on S[XU{app, lam}]. Although L is not a subalgebra of
S, it enjoys the property of being closed under the substitution operation (Theorem
2.1).

Motivation:
Symbolic expressions do not faithfully represent lambda terms for two reasons:

(i) Some symbolic expressions are ill fomed by having local variables (natural
numbers) that are not bound, e.g. the symbolic expression x.

(ii) The set of well formed symbolic expressions in the above sense does not canoni-
cally represent the set of informal lambda terms; i.e. there are “alpha-convertible”
symbolic expressions, such as [x]z and [yly.

The first of these problems is handled by inductively defining a predicate (i.e. a
subset) on S picking out the well formed symbolic expressions. In [7,8] this predicate
is called variable closed (vclosed), defined by:

vclosed M vclosed N vclosed M (+)
vclosed X vclosed (app M N) vclosed (lam [x][x/X]|M)

This representation still has the second problem mentioned above; e.g. both [z]x
and [yly are vclosed. A consequence of this weakness, for example, is that the
Church—Rosser theorem does not hold concretely of vclosed symbolic expressions,
but only up to a-equality.

A main contributation of the present work, developed by the first author, is an
alternative solution to this second problem, the failure of canonical representation.
Rule (+) above, viewed as a constructor of lambda terms, takes X and M and
constructs (lam [z][x/X]M) for any x. To make the representation canonical it
suffices to choose x canonically in this construction, and that is the purpose of the
height function Hx (M); compare rules (x) and (4). Of course, this canonical choice
must be well behaved; e.g. must respect substitution:

Theorem 2.1 (Substitution) If P,Q : L then [Q/Y]P : L.

In the forthcoming paper we develop a theory of L (formalised in Isabelle) suf-
ficient to prove this result, and to carry out examples such as typing and reduction
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properties of lambda terms. As is usual [7,8,12,1], we derive a strengthened in-
duction principle for IL that encapsulates the use of sufficiently fresh variables via
equivariance.

Example 2.2 We can define 8-reduction on L along standard lines.

(Qlam [z]P) : L. N:L (8)
(app (lam [z]P) N) — [N/z]P "

My — My N:L M:L N — Ny
(app M1 N) — (app My N) (app M N1) — (app M Ns)
M — N z=Hx(M) y=Hx(N)
(lam [2][x/X]M) — (lam [y][y/X]N)
The subtlety that rule (£) (reduction under a binder) may change the bound name
is essential for this concrete representation with canonical names to work.

This relation is equivariant and has natural properties. The side condititions on
the rules guarantee that M — N implies M : L and N : L.

Many other interesting aspects of this work are detailed in our forthcoming
paper.
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