Realistic synthetic data for testing association rule mining
algorithms for market basket databases

ABSTRACT

Association rule mining (ARM) is an important subtask in
Knowledge Discovery in Databases. Existing ARM algo-
rithms have largely been tested using artificial data gener-
ated by the QUEST program developed by Agrawal et al.
[2]. Concerns have been raised before [7, 25] on the signifi-
cance of such sample data.

We provide the first theoretical investigation of the statis-
tical properties of the databases generated by the QUEST
program. Motivated by the claim (supported by empirical
evidence) that item occurrences in real life market basket
databases follow a rather different pattern, we then propose
an alternative model for generating artificial data. We claim
that such a model is simpler than QUEST and generates
structures that are closer to real-life market basket data.

1. INTRODUCTION

The ARM problem is a well established topic in KDD. The
problem addressed by ARM is to identify a set of relations
(associations) in a binary valued attribute set which describe
the likely coexistence of groups of attributes. To this end it
is first necessary to identify frequent itemsets; those subsets
F of the available set of attributes Z for which the support,
the number of times F occurs in the dataset under con-
sideration, exceeds some threshold value. Other criteria are
then applied to these itemsets to generate Association Rules
(ARs) of the form A — B, where A and B represent disjoint
subsets of a frequent itemset F' such that AUB = F.

A vast array of algorithms and techniques have been devel-
oped to solve this problem ([1, 2, 4, 7, 12, 19, 21] to cite but a
few of the best known). However several fundamental issues
are still unsolved in ARM. In particular the evaluation and
comparison of ARM algorithms is a very difficult task [27],
and it is often tackled by resorting to experiments carried
out using data generated by the well established QUEST
program from the IBM Quest Research Group [2]. The in-
tricacy of this program makes it difficult to draw theoretical

predictions on the behaviour of the various algorithms on
input produced by this program. Empirical comparisons
made in this way are also difficult to generalise because of
the wide range of possible variation, both in the character-
istics of the data (the structural characteristics of the syn-
thetic data bases generated by QUEST are governed by a
several interacting parameters), and in the environment in
which the algorithms are being applied. It has also been
noted [7] that data sets produced using the QUEST gener-
ator might be inherently not the hardest to deal with. In
fact there is evidence that suggests that the performances
of some algorithms on real data is much worse than those
found on synthetic data generated using QUEST [25].

This paper presents three main results. First of all we pro-
vide additional arguments supporting the view that real-life
databases show structural properties that are very differ-
ent from those of the data generated by QUEST. There has
been recent growing interest in various areas of Computer
Science [3, 10, 20] in the class of so-called heavy tail sta-
tistical distributions. Distributions of this kind have been
used in the past to describe word frequencies in text [26],
the distribution of animal species [23] and of income [16],
scientific citations count [18] and many other phenomena.
We claim that it is at least reasonable to conjecture that
similar distributions arise naturally also in the context of
market basket databases. To support our claim we analyse
empirically the distribution of item occurrences in four real-
world retail databases publicly available on the web. In each
case we suggest that the empirical distribution may fit (over
a wide range of values) a heavy tailed distribution. Further-
more we argue that the data generated by QUEST shows
quite different properties When the same empirical analysis
mentioned above is performed on data generated by QUEST
the results are quite different from those obtained for real-
life retail databases. Differences have been found before [25]
in the transaction sizes of the real-life vs QUEST generated
databases. However some of these differences may be ironed
out by a careful choice of the numerous parameters that con-
trols the output of the QUEST generator. We contend that
our analysis points to possible differences at a much deeper
level.

Motivated by the outcomes of our empirical study, the sec-
ond contribution of this paper is a mathematical study of the
distribution of item occurrences in a typical large QUEST
database. The study, at least in a simplified setting, con-
firms the empirical findings. The item occurrence distri-



bution in the databases generated by a simplified version
of QUEST seems to follow a geometric (light tailed) rather
than a sub-exponential or even polynomial (heavy tailed)
decay. Other authors have studied the theoretical perfor-
mances of some ARM algorithms [24] even assuming that
the input databases are generated by some random process
[17]. However, to the best of our knowledge, a study of the
structural properties of the databases generated by QUEST
(properties which may well be responsible for the observed
[7, 25] particular behaviour of various mining algorithms on
such datasets) has never been done before.

The final contribution of this paper is a proposal for an
alternative synthetic data generator. Given the statistical
features which seem to emerge from the real life databases
it is natural to try and generate synthetic data that match
such properties. Our model is reminiscent of the proposal
put forward to model author citation networks and the web
[3]. The main mechanism that leads to the desired prop-
erties is the so called preferential attachment, whereby suc-
cessive transactions are filled by selecting items based on
some given measure of their popularity (rather than at ran-
dom). We complete our analysis by proving that the result-
ing databases show an asymptotic heavy tailed item occur-
rence distribution.

The rest of the paper has the following structure. Section
2 reports our empirical analysis of a number of real and
synthetic databases. Section 3 presents the mathematical
investigation of the structural properties of the databases
generated by QUEST. Finally in Section 4 we describe our
proposal for an alternative synthetic data generator.

2. REAL DATA ANALYSIS

From now on a database D will be a collection of A trans-
actions, each being a set containing a certain number of
items out of a collection Z of n items. For r € {0,...,h}
let N, be the number of items that occur in r transactions.
In this section we substantiate the claim that, at least for
market basket data, the sequence (N,),cqo,...,n} follows a
distribution that has a rather “fat” tail and, on the con-
trary, the typical QUEST data shows rather different pat-
terns. To this end we use the following data sets available
from http://fimi.cs.helsinki.fi/data/.

BMS-POS First referred to in [25]. The database contains
515,597 transactions on 1,657 items. The average
transaction size is 6.5 (max 164). The data was ob-
tained from a large electronics retailer.

BMS-WebView-1 First referred to in [25]. The database con-
tains 59,602 transactions on 497 items with average
transaction size 2.5 (max 267). The dataset contains
records of click-stream data from an e-commerce web-
site. Each transaction represents a web session by all
product detail pages viewed in that session.

BMS-WebView-2 Similar scenario to the previous dataset, but
the file contains 77,512 transactions on 3,340 items
with average transaction size of 5 (max 161).

retail.dat First mentioned in [6]. The file contains 88, 162
transactions on 16,470 items with average transaction
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Figure 1: Log-log plots of the real-file data sets along
with the best fitting lines



size 13. The data was obtained from a Belgian retail
supermarket store.

T10I4D100K.dat This is a database generated with the pro-
gram of Agrawal and Srikant. It contains 100, 000
transactions on 1,000 items, with average transaction
size 10.

T40I10D100K.dat Denser synthetic database. It still con-
tains 100, 000 transactions on 1,000 items, but the av-
erage transaction size is 40.

The plots in Figure 1 show (on a doubly logarithmic scale)
the sequence (N:),¢qo,...,n} in each case, along with the best
fitting lines (computed through least square approximations
using the fit command of gnuplot) over the whole range of
values (approximate slope values are reported in each pic-
ture). Figure 2 shows the same statistics obtained using the
two synthetic databases.

Given that all tested data-sets have homogeneous features
(few hundreds to few thousands attributes, between around
50K and 500K transactions, small average transactions sizes
and density) the differences between the plots in Figure 1
and 2 are striking. Although it may be argued that the num-
ber of real datasets examined is too small and the test car-
ried out too coarse, our numerical calculations show that the
sequences (Ny),¢{o,...,n} obtained from real-life market bas-
ket databases fit a straight line much better than the same
sequences obtained from the synthetic QUEST databases.
This leads us to conjecture that the two types of databases
have in fact rather different properties. Furthermore the
good line fitting of the real database sequences (especially
in the tail of the sequences) leads to the additional con-
jecture that the studied distributions may be heavy tailed.
More specifically, a distribution can be called heavy tailed
if it decays with a sub-exponential rate [22]. For instance
power law distributions decay like ™ for some fixed z > 0.
On a doubly logarithmic scale the relationship between the
coordinates of a dataset having such decay would appear to
be linear. This is exactly what happens in the case of the
four market-basket datasets described above.

3. ACLOSER LOOK AT QUEST

In this section we make quantitative estimates on some struc-
tural parameters related to the databases generated by the
QUEST program. In particular we will provide further ev-
idence supporting the claim that the synthetic data gen-
erator of Agrawal and Srikant does NOT produce realistic
market basket data. Our analysis of the structures output
by QUEST will be asymptotic in nature in that some of our
results hold with probability tending to one as the size of
the structure becomes large. The reader is referred to [5, 9]
for the relevant graph-theoretic terminology, and to [11] for
basic concepts in the Theory of Probability.

3.1 The model

We first review the model developed by Agrawal and Srikant.
The synthetic data generator takes as parameters n, the
number of different items, h, the number of transactions
in the database, T, the average transaction size, and two
other parameters I, and | whose meaning will become clear
further on. It should however be said that at least two other
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Figure 2: Log-log plots of the QUEST data sets
along with the best fitting lines

quantities (referred to in the paper as correlation level p
and corruption level ¢) and a number of other numerical
values (kept hidden from the user) in the program affect its
behaviour.

The program returns in fact two related structures: the ac-
tual database D and an auxiliary collection 7 of so called
(mazimal) potentially large itemsets or patterns, whose ele-
ments are used to populate D. There are [ itemsets in 7
and their average size is I.

The transactions in D are generated by first determining
their size (picked from a Poisson distribution with mean
equal to T') and then filling the transaction with the items
contained in a number of itemsets selected independently
and uniformly at random (u.a.r.) from 7.

Each itemset in 7 is generated by first picking the size of
the itemset from a Poisson distribution with mean equal to
I. Ttems in the first itemset are then chosen randomly. To
model the phenomenon that large itemsets often have com-
mon items, some fraction (chosen from an exponentially dis-
tributed random variable with mean equal to the expected
correlation level p) of items in subsequent itemsets are cho-
sen from the previous itemset generated. The remaining
items are picked at random. Each itemset in T has a weight
associated with it, which corresponds to the probability that
this itemset will be picked. This weight is picked from an ex-
ponential distribution with unit mean, and then normalised



so that the sum of the weights over all itemsets in T is 1.
The next itemset to be put in the transaction is chosen from
T by tossing an [-sided weighted coin, where the weight for a
side is the probability of picking the associated itemset. To
model the phenomenon that all the items in a large itemset
are not always bought together, each itemset in 7 is as-
signed a corruption level c. When adding an itemset to a
transaction, items from the itemset are dropped as long as
a uniformly distributed random number between 0 and 1 is
less than c.

Agrawal and Srikant claim that the resulting database D
mimics a set of transactions in the retailing environment.
Furthermore they justify the shape and the use of the struc-
ture 7 based on the fact that people tend to buy sets of items
together, some people may buy only some of the items from
a (potentially) large itemset, and on the other hand a trans-
action may contain more than one large itemset. Finally
they observe that transaction sizes and the sizes of the large
itemsets (although variable) are typically clustered around
a mean and a few collections have many items.

The empirical analysis in Section 2 and the outcome of the
mathematical investigation of the very crude approximation
of QUEST described in the next Section indicate that per-
haps some of these claims are a bit over-rated. Furthermore,
in Section 4 we will argue that most of these assumptions
are satisfied by a simpler model that also fits the real data
more closely. In the next section, to support the claim that
QUEST generated databases display an occurrence distri-
bution that is quite different from that observed in real life
market basket data, we analyse such distribution asymptoti-
cally in what could be considered to be a database generated
by a simplified version of QUEST.

3.2 Asimplified version of QUEST

In this Section we argue that, by its very mathematical
properties, the QUEST generation process does not lead to
datasets showing a heavy tailed item occurrence distribu-
tion.

To maximise the clarity of exposition we simplify the defi-
nition of the process by removing a number of features that
wouldn’t significantly change our main results, but would
make the arguments more involved. Thus we will deal with
pairs (D, 7) where both D and 7 are defined on the same set
of items Z. System parameters will be the following integers:

n the number of items in Z.

h the number of transactions (or edges) in D.

! the number of patterns (or edges) in 7.

k the number of patterns per transaction.

s the size (the number of items) in each pattern

p the number of vertices shared between two consecutive
patterns (with p € {0,...,s}).

Typically h >> n (e.g. h =n°®) while I = O(n). Parame-
ters k and s are small constants independent of n. Note that

the assumption that the size of the transactions is variable as
stated in Agrawal and Srikant’s work is “simulated” by the
fact that different patterns used to form a transaction may
share some items. Following Agrawal and Srikant we use a
correlation level p between subsequent patterns, but assume
it takes the fixed constant value s/2. Hence s/2 items in
each pattern (except the first one) belong its predecessor in
the generation sequence and the remaining s — p are chosen
u.a.r. in Z. We do not use any corruption parameter.

We assume that D and 7 are populated by the following
simplified version of Agrawal and Srikant’s process.

1. Generate 7 by selecting the first pattern as a random
set of size s over Z and any subsequent pattern by
choosing (with replacement) p elements u.a.r. from
the last generated pattern and s — p elements u.a.r.
(with replacement) in Z.

2. Generate D by filling each transaction independently
with the elements of k (not necessarily distinct) pat-
terns in 7 chosen independently u.a.r.

Let dp(v) (resp. d7(v)) be the random variable for the num-
ber of transactions in D (resp. patterns in 7) containing
item v. In this context N, will denote the random variable
counting the number of items occurring in exactly r trans-
actions of D. Obviously items occurring in many patterns
of 7 have a higher chance of occurring in many database
transactions. The following result quantify the influence of
T on the item occurrence distribution in D.

THEOREM 1. Let (D,T) with parameters n, h, 1, k, s,
and p as described above. Then

1. For each item v € I, the random wvariable dp(v) has
binomaal distribution with parameters h and

Pkl = Zf:l (lz) (_1)i+1 E(dql*l(v)) )

where E(dr(v))® is the i-th central moment of the ran-
dom variable d7(v).

2. E(N;) = nPr[dp(v) = r| and, furthermore, for any
function w(n) such that lim,—e w(n) = oo

Pr|N; — E(N,)| > w(n)y/i] = O(=sz).

PRrROOF. By definition the edges of D are generated inde-
pendently of each other. An item v has degree r in D if it
belongs to r fixed edges. Thus, in symbols:

Pr[dp(v) = r] = (Pr[v belongs to a transaction])”

If we assume that each transaction is formed by the union of
k patterns (chosen independently u.a.r. from 7°) then dp(v)
has binomial distribution. The probability that v belongs
to a given transaction is:



>, Pr[Bin(k, 2) > 1] Pr[dr(v) = j] =

=0

S o(1 = (1= 1)%) Prldr(v) = j
= - A (- ) Prdr() = 4]

- 1_ E(l—dl;cﬂv))k

Now the result follows by the binomial theorem.

The second part of the Theorem statement follows easily
from the first one, the independence assumptions and a di-
rect application of Chebyshev’s inequality. [

The distribution problem in D is thus reduced to finding
the first & moments of the random variable d7(v). Solv-
ing the latter does not seem very easy in general. In the
remainder of this Section we complete our analysis under
more restricted assumptions.

3.2.1 Item occurrencesin 7 when s = 2

In this Section we look at the item occurrence distribution
in 7 when s = 2. It should be stressed that such restriction
is not essential and is only kept for clarity of exposition.
All techniques used to prove Theorem 2 and 3 below readily
generalise to the analysis of 7 when s > 2. Theorem 2 and 3
therefore are simplified versions of more general statements
valid for collections of patterns 7 generated using a value of
s > 2 (modulo some obvious generalisation of some of the
definitions given below).

If s = 2 then 7 is a graph. The structure of such graph
will depend on the value of p. If p = 0 edges are chosen
independently u.a.r. The resulting graph will be a variant of
the well known fixed density model G(n, 1) (see, for example,
[13, Chp. 1]). At the other extreme if p = 2 the resulting
graph will only contain one edge (or, more precisely, ! copies
of the same edge). From now on we therefore focus on the
case p = 1.

When s = 2 and p = 1, the resulting graph can be thought of
as directed, with edges chosen one after the other according
to the following process:

1. The first directed edge e; is chosen as a random two
element set in Z.

2. If the edge chosen as step i is e; = (w, z), (for ¢ > 1),
then e;41 is chosen by:

(a) selecting an item uniformly at random in Z (each
possible item may occur with probability %)7

(b) and then selecting the second element of the pair
at random as either w or z (each choice occurs
with probability 1).

The degree of v in 7 can thus be seen as the sum of its
in-degree d7(v) (number of edges having v as second com-
ponent) and out-degree dF(v) (number of edges having v as

first component). In what follow let Ny = N:#(7T) be the
number of vertices having d£(v) = r, for sg € {“ ", —,+}.
Let 6°8(7) (resp. A®(7)) denote the smallest (largest) r
such that N;® # 0. Also, let pr(a) = “Tj;a and or(a) =

pr(@)(1 = pr(a) — pr(a) 2=y,

THEOREM 2. Let T be given with s = 2, p = 1 and all
other parameters specified arbitrarily. Then

1. For each v € I, df(v) has binomial distribution with
parameters | and %

2. If limp—oo l/m = a0 < 00 then the probability distribu-
tion of N,;© tends to a normal distribution with param-
eters npr(a) and nor(a).

3. (Extrema) Under the assumptions above, Pr[6T(7T) =
0] — 1. Furthermore it is possible to choose r =
O(lolglgogn) so thatr > a andlimy, o npr(a) = X < 00
and

PriAY(T) =r—1] — e, Pr[AT(T)=7r] = 1—e">.

PrOOF. Under assumptions of our model, the sequence
(d¥(v))vez has the same probability distribution as a vector
describing the random allocation of [ identical balls in n
distinct urns. The result then follows from classical work on
the subject (see for instance [14, Chp. I and II] [

The in-degrees can also be estimated through a slightly more
elaborate argument. For each time step ¢ > 1, let X; be the

second component of e;. If e; = (w,2) and z is the first
component of e;y1 then X511 = w (resp. Xit1 = 2(= X))
with probability % and in that case e;41 = (z,w) (resp.

eiy1 = (¢,2)). Let ip =0and 1 <i1 <... <igs, be the
T

times when v is picked as starting-point of an edge (each

occurrence of v as end-point comes into existence because,

at some previous step, v was chosen as starting point of an
edge). For j € {0,...,d}(v)} define ¢;(v) as follows

0 Xi].+1 751}
Gi(v) =

Zij+1§h<ho 1;x,=v} otherwise.

In the expression above hg = min{h > i;+1: X ZvVh =
ij+1 + 1}. The function (;(v) counts how many consecutive
times v is the end-point of an edge from step 7; + 1 to just
before step ho (so, for example, if v is the first component
of an edge at step ;41 = i; + 1 then (;(v) can be either 0
or 1). Then

d7(v) = X5 ¢ (0).

Note that for each j, {;(v) € {0,...,u;} with u; = ;41 —i;
(where Gat (w1 = ). Let & (d,41,...,iq) be the event
“df(v) = d and 41,...,4q being the time steps when v is
selected u.a.r. as starting point of an edge”. Conditioned



on &y(d,i1,...,14), the variables (;(v) are independent and
have a truncated geometric distribution. We can use this in-
formation to get some estimates on the distribution of d7 (v).

THEOREM 3. Let 7 be given with s = 2, p = 1 and all
other parameters specified arbitrarily. Then for each v € T

and r € {0,...,1} there exists a function L(r) such that
! L
)i
PI‘[dT(U =r]= Z ; — . ZZ JI_IO 2uj+1
d=0 d

PRrOOF. The probability that an item has in-degree r in
T is

l d
S-S PG = k| & i)
d=0 i1,..0ig  §=0

(where the term for d = 0 simplifies to (1 — )" Pr[¢o(v) =
k| df = 0]). Under the given conditioning, the ¢;(v) are
independent r.v.’s having right-truncated geometric distri-
bution. The probability distribution of the sum of random
variables of this type has been studied before [15]. It follows
from this work that

d

PF[ZCJ(’U) =r I gv(dvilv"'vz

L(r) 1
2d+r+1 H 1 _( )uj+1
where L(r) are defined by equations (11) and (12) in [15].
The result follows. [

3.2.2  The occurrence distribution in D in a very sim-

ple case
In this Section we further simplify our model, assuming that
k = 1, i.e. each transaction in D is formed by a single
random edge of 7.

The following result shows that, when n becomes large, in
such simple setting the item occurrence distribution decays
super-polynomially (and therefore it cannot have, asymp-
totically, a heavy tail).

THEOREM 4. For k=1, N, = o(r~
tive .

) for any fized posi-

PrROOF. If k = 1 by Theorem 1 dp(v) has binomial dis-
tribution. We claim that

S(E(df(v) + ) < E(dr(v)) < 2E(df(v) +1
From this we have that, for [ — oo,
3 +o(1) <pra < 2+ o(1),

and therefore, asymptotically, the binomial distribution of
dp(v) is sandwiched between two Poisson distributions. the

result follows using linearity of expectation and the last part
of Theorem 2.

To believe the claim notice that, for each v, d7(v) = df(v)+
d7(v), hence, by linearity of expectation and Theorem 2

E(dr(v)) = £ + E(d; (v)).

Conditioning on &,(d, i1, . ..,iq) we can write, for any k > 1,

B(d7(v)") = BE(d7 ()" [ dF (), I, Tgt ()

(where I; is the random variable equal to 7 if the jth occur-
rence of v as first element of an edge is at step 7). By the
assumptions on the ¢;(v), for any j € {0,...,d>(v)},

(%)k+1 0 S k< Uj

(

PI‘[C]‘('U) =k | 5u(d,i1, N ,id)] =

)i otherwise

=

Furthermore, by the independence assumption, we can eas-
ily compute the moment generating function of d7(v) (con-
ditional on &,(d, 1, ...,14)):

Me(t) = (¢' = 2) D T ()" (e = 1) = 1).

From this, through differentiation,

E(d7 | Eu(d, i1, ..., ia)) _0l+1—§jJ o(3)%4,

and the claim follows since, obviously,
d+1 d  (1yu; o d4l
sty S 2j—(3)Y < 5
O

We close this section by noticing another peculiar feature of
QUEST. For k = 1, there is a constant probability that a
given item will never occur in a transaction of D. Equiva-
lently a constant fraction of the n available items will never
occur in the resulting database. This phenomenon was ob-
served in the two synthetic databases analysed in Section 2:
T40I10D100K.dat only uses 941 of the 1,000 available items,
T10I4D100K.dat, only 861. Of course this irrelevant from
the practical point of view, but it’s a strange artifact of the
choice of having a two-component structure in the QUEST
generator.

4. AN ALTERNATIVE PROPOSAL

In this section we put forward an alternative model for gen-
erating synthetic databases. Our model is in line with the
proposal of Barabdsi and Albert [3] (originally introduced
to model structures like the scientific author citation net-
work or the world-wide web). The proofs of our main result
mimics that of similar results presented by Cooper [8].



The model contains a mechanism (called preferential attach-
ment) that allows the process that generates the transactions
in D one after the other to choose their components based on
the frequency distribution of such items in previously gen-
erated transactions. Such mechanism seems to be necessary
to generate datasets that are closer to the real ones analysed
in Section 2.

Instead of assuming an underlying set of patterns 7 from
which the transactions D are built up, the transactions are
generated sequentially. Items which have already occurred
in previous transactions are called old, whereas items occur-
ring for the first time in the current transaction are called
new. At the start there is an initial set of eg transactions
on ng existing (old) items. The model can generate transac-
tions based entirely on the ng old items, but in general we
assume that new items can also be added during transac-
tions, so that at the end of the simulation the total number
of items is n > no. The simulation proceeds for ¢ steps
generating groups of transactions (which can be of size 1
if desired) at each step. For each transaction (or group of
transactions) in the sequence there are four choices made by
the simulation:

(i) The type of transaction OLD or NEW. An OLD type
transaction consists entirely of items occurring in pre-
vious transactions. A NEW type transaction consists
of a mix of new items and items occurring in previ-
ous transactions. For simplicity we assume each NEW
transaction adds one new item, and at least one old
item.

(ii) The number of transactions in the group. This can be
fixed at one transaction, or given any required proba-
bility distribution. Grouping corresponds to e.g. the
persistence of a particular item in a group of transac-
tions in the QUEST model.

(iii) The size of the individual transactions. This can be
fixed, or given a probability distribution.

(iv) The method of choosing the items in the transaction.
This is assumed to be a mix of u.a.r (items chosen ran-
domly) and preferential attachment (reflects the pop-
ularity of the items in previous transactions).

This outlines the general model. The way that these choices
affect the degree distribution and its form are described be-
low. Our main result is that provided the number of transac-
tions is large, the distribution of occurrences of items in the
transaction sample follows a power law, for which the pa-
rameter z, is given by z = 1+ 1/n, where 7 is the (expected)
proportion of items selected by preferential attachment in all
transactions. That is to say, N» = N, (¢) the number of items
which occur r times in t transactions satisfies N, ~ Ctr—*
for large r and some constant C.

We assume that some preferential attachment choices will
occur, and our model allows for the case where all choices
are made preferentially. In order to give the exact value of
7 arising from (i)-(iv) above we now describe the model in
detail.

For convenience of description we call items wvertices and
transactions edges or hyper-edges. The set of transactions
at any step is viewed as a (hyper-)graph.

The edge (transaction) sizes are fixed or given by a distri-
bution. Let @ = (72, ..., 7r) be the distribution of edge sizes
j =2,...,r. For such m, the average edge (transaction) size

isf:Zjﬂ'j.

There is an initial set of transactions defining a graph G(0) of
finite size: no items and eo edges. Loops and multiple edges
are allowed in G(0) and can be formed in G(t) at any step
t. The cardinality of the vertex set, edge set and the total
degree (total number of items purchased by all customers)
is V(t), E(t), D(t) respectively.

At each step t = 1,2, ..., of the simulation an independent
choice is made between a NEW and an OLD procedure. Let
a be the probability the NEW procedure is followed and 5 =
1 — a the probability the OLD procedure is followed. If we
assume a > 0, the expected size of the vertex set increases
with ¢. That is to say, new items are added to the set of
purchase transactions as time goes on.

For NEW edges we assume that there is one new vertex (new
item) in the edge, and the other vertices (old items) are
chosen independently with probability pa. For OLD edges,
we assume that all vertices (items) are chosen independently
with probability pc. The values of pa, pc (which can be the
same) are given below.

NEW procedure. Chosen with probability « at step t. A
new vertex v; is added. There are m(t) edges directed to
G(t — 1). Thus m(t) is the size of the transaction group.
Each edge in the transaction group has its own size sampled
from w. If we wish we can set m(t) = 1 or some other
constant value or allow it to assume a distribution.

In general, let p,, denote the probability Pr[m(¢) = m] that
m edges are added to v; at step t. For convenience we refer to
vertex v; by its step label ¢ (although not every step will nec-
essarily have a corresponding vertex, ie new item). Thus the
number m(t) of edges originating from v; is a random vari-
able. We assume m(t) > 1, and that m(t) is sampled from
a distribution p = (p1, ..., Pm, ..., pr). Let T = E(m(t)). We
have that m > 1. The degree m(t) of vertex v; after it is
added is denoted by d(t,t). Similarly d(v,t) is the degree of
vertex v after step t.

Each new edge e;, i = 1, ..., m makes an independent decision
to select its terminal vertex w in G(¢ — 1) either by preferen-
tial attachment or u.a.r. with probabilities A1, A2 =1— A,
respectively. Thus the probability that w is selected by e; is

d(w,t —1) 1

pa(w,t) = A5y H gy

1)
where d(w,t — 1) is the degree of w at the end of step ¢ — 1.

oLD procedure. Chosen with probability 8 = 1 — « at step
t. Insert M (t) edges into G(t—1) according to a distribution
q=(q,,qm,...,qr). Let M = E(M(t)). The size of each
edge is given by the distribution 7. The choice of vertices
(items) of each inserted edge is made independently with



probability pc from u.a.r./preferential rules similar to (1),
but with parameters C1, C2. Thus we have

pe(ut) = OGS+ Opr . @)

We now give the theorem for the (asymptotic) power law
distribution on the items in the transaction sample, and
discuss some special cases.

THEOREM 5. As the number of items n — oo, with prob-
ability tending to 1, the value of n is
am(® — 1) A1 + BM7TCy
(am + BM)7 '
For fized value of t, the expected values of V(t), E(t), D(t)
are

E(V(t)) = no + at,
E(E(t)) = mo + t(amm + M),

E(D(t)) = do + t((am + BM)T).

PRrROOF. The proof proceeds by deriving the degree distri-
bution d(v,t) of each vertex v, excepting the small fraction
of vertices occurring early in the process.

The distribution of X (¢), the number of edges selecting ver-
tex v at step t, is given by

X(t) ~ 1a () (S7) Bin(RY = 1,pa())

+15(t) (T Bin(RI pe (1))

where R} ~ 7 is a random variable giving the size of edge
ei, 1 =1,...,m(t) in the NEW procedure, and of edge e;, i =
1,...,M(t) in the oLD procedure, and Bin(...) denote ar-
bitrary random variables having binomial distribution with
the specified parameters.

Let n be defined as above, let v be defined by

_am(7 — 1) Az + BM7Cs
a b

and let

£(v) = m(v) +v/n.

By considering X (¢) within the set I(¢) of good histories,
{(ch(lt)th:t (14+0(Q1))E(V (L), E(t) = (14 0(1))E(E(t))) we

Pr(X(t+1)=0|d(v,t) =m+j, I(t)] =
nim+j) +v

—1_ - (1+0(e(t,5)))
m+j)+v
_ ij) (1+O(e(t,j))) )

etc where

e(r,j) = logt/T+ (M +j)/7.

Let v, t be fixed, suppose d(v,t) = m+landlet T = (T}, j =
1,...,1) give the steps T; (if any) at which the degree of v
changed. Let 7 = (71, ...,7;) denote a particular value of T,
so that 7; is the step at which d(v, 7;) changed from m+j—1
to m + j in this case. If more than one edge hit v during
step 7j, the value 7; is repeated the appropriate number of
times in 7. We define 7o = v and 741 =t. Forv <7 <t
let J={7:71 <7 <--- <7} be the sequences of possible
transitions. Thus

Pr[d(v,t) = m+1 | d(v,v) =m] = Z Pr[T = 7].
TeJ

The proof proceeds by evaluating the sum over the possible
sequences T € J, using Pr[X(¢) = k], k = 0,1,2,... given
above to establish that

Prld(v,t) =m+1] =

— (14 0(1)) (l * §l - 1) (%)"é [1-(3)"a+ 0(1))]l

+0(™"),
where o(1) = 1/(logt)?.

By fixing m, [ and summing over v we can now estimate the
proportion of vertices of a given degree. Let

LE+1/n) re+9

nm(l) = , 3
=" tererirm @

where I'(a) = (a—1)I'(a—1). For I > 0 define N, (t) as the
number of vertices of Z with d(v,v) = m and d(v,t) = l+m.

Recall that pn, is the probability that d(v,v) = m and let
w = logt.

For n < 1/2 let I* = "3, and for n > 1/2 let I* = t*/5 /w2
For 0 <1 < I* we have:

(a) Expected degree sequence
E(Nim (1) = apmnm(Ot (140 (1))
(b) Concentration

B(Num()] (1
Pr ‘Nl,m(t) - E(Nl,m(t))| > W} =0 <@) .

To get the asymptotics, we note from (3) that
- 1)) De+1/m) ;= |1+
n(l) = (140 (4)) Degidm =[1+3),

and as | — oo, Nym(t) ~ Ctl= 1/ 5 power law with
parameter 1 4+ 1/n. Details of the process are hidden in
the model specific constant, C = C(n,v,m) = apm'(m +
ZE) /(D (m+ %)), O

n

We next summarize the parameters of our model, and com-
pare them with those of the QUEST model. Our model
generates groups of transactions for ¢ steps resulting in a set
D of transactions. In expectation there are n = no+at items
in the set Z and h = e + t(am + BM) transactions, where
T, (resp. M) are the average group sizes of new (resp. old)
transactions generated at any step. The expected size of a



transaction is 7. The number of edges m(t) in a group with
a new vertex v, has the same function as the parameter p of
QUEST, giving the persistence of a new item in the group
of transactions.

There is no direct correspondence in our model to the pa-
rameters [, k, s of the QUEST model, as there are no patterns
as such. Rather, consumers express their purchasing prefer-
ences as a function of the history of the (simulated) process
in an adaptive way, rather than having all the history (pat-
terns) determined a priori. If desired, it would be possible
to introduce pattern behaviour in our model as follows: The
existing items (or a subset of them) would be designated a
type ¢ = 1,...,I. When an edge is generated, it would sam-
ple a subset of its vertices from the designated types. As an
extreme example, we could set the edge size r to be r = Is
where [ is the number of types, and s is the pattern size of
the type, and then s vertices of each type would be sampled
for the edge.

Turning to examples, in the simplest case, the group sizes
are fixed m(t), M(t) = m for example m = 1, and the pref-
erential attachment behaviour of the transaction types is the
same A1 = C1. Thus
aAq ™

n=1 Z_1+f—o¢A1’
where z is the power law parameter, o is the probability
of a new item in a transaction, A; is the probability the
item is chosen preferentially and 7 is the average transaction
size. This can be further simplified by setting A; = 1 (all
behaviour is preferential attachment: we are strict followers
of fashion). If we allow a — 0, the case where the initial
graph G(0) determines everything, and no new items are
added, then z — 2.
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