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Abstract

We study the cover time of a random walk on graphs G € G,, , when p = Cl’*’%, c>1. We

c

prove that whp the cover time is asymptotic to clog (Cfl) nlogn.

1 Introduction

Let G = (V,E) be a connected graph, let |V| = n, and |E| = m. For v € V let C, be the
expected time taken for a simple random walk W on G starting at v, to visit every vertex of G.
The cover time Cg of G is defined as Cg = max,cy C,. The cover time of connected graphs has
been extensively studied. It is a classic result of Aleliunas, Karp, Lipton, Lovasz and Rackoff [1]
that Cq < 2m(n —1). It is also known (see Feige [7], [8]), that for any connected graph G

(1—o(1))nlogn < Cg < (1+ 0(1))%713.

In this paper we study the cover time of the random graph, G € Gy, ,. It was shown by Jonasson
[11] that whp !

(a) Ca=(14o0(1))nlogn if £ — .

logn

(b) If ¢ > 1 is constant and np = clogn then Cg > (1 + a)nlogn for some constant o = a(c).

Thus Jonasson has shown that when the expected average degree (n — 1)p grows faster than logn,
a random graph has the same cover time whp as the complete graph K,, whose cover time is
determined by the Coupon Collector problem. Whereas, when np = Q(logn) this is not the case.

In this paper we sharpen Jonasson’s results for the case np = clogn where w = (¢ — 1) logn — oc.
This condition on w ensures that whp G, is connected, (see Erdés and Rényi [6]).
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' A sequence of events &, is said to occur with high probability (whp ) if lim,, — coPr(&E,) = 1



Theorem 1. Suppose that np = clogn = logn + w where w = (¢ — 1)logn — oo and ¢=0(1). If
G € Gpp, then whp

Cg ~ clog (cl> nlogn.
c—

It follows from the results of Broder and Karlin [4] that if c—1 = Q(1) then whp Cg = O(nlogn).
This is because G, is then an expander whp . Thus it was known that whp Cg = O(nlogn)
for this value of p.

Our paper improves on previous results by giving asymptotically exact values for the cover time.
When ¢ — 1 = Q(1) we give the exact constant of multiplication in Cg = O(nlogn). Also, when
c—1= @ where w = o(logn) we establish the novel result that Cg ~ nlognloglogn. The
challenge is to find a technique which can make an accurate average case analysis of the random
walk.

In the next section we give some properties that hold whp in G, . In Section 4 we show that a
graph with these properties has a cover time described by Theorem 1.

2 Outline of proof

In Section 3 we describe the properties of Gy, ;, that will be needed for our proof. We call graphs
with these properties typical and estimate the cover time of typical graphs.

For a walk starting at vertex u and a vertex v # u and a time s, we define A44(v) to be the event
that W, has not visited v by time s. We then argue that

Cu<t+> Y Pr(Ayv)) (1)

veV s>t
for any t > 0, see equation (14).
We then write \
Pr(A;(v) = [ [ Pr(Ai(v) [ Aia (v)) (2)
i=1

and spend much of the time estimating Pr(A;(v) | A;—1(v)) for i not too small.

Heuristically, a random walk of length s under the conditioning .4,(v) should be much like a random
walk on H = G[V \ {v}]. Now the probability of As(v) when we forbid a visit to v in the first s — 1
steps is close to

oo FEC] i)
Here, dp(w) is the degree of v in H and % is the steady state of a random walk on H. Ng(v)
is the set of neighbours of v in G. If H is an expander and s much larger than the mixing time
then the sum of these probabilities is the probability that W, is at a neighbour of v at time s — 1.

The factor m is then the probability we move to v at the next step. The main part of the
analysis in Lemma 3 goes to show that
d(v
Pr(A () | i) ~ 1 A0



for large 7. This is then used in (2) to estimate Pr(A4(v)) from above and below.
The upper bound follows from (1) after some calculation.

The lower bound uses the Chebyshev inequality and requires the estimate Pr(As(v1) A Ag(va)) ~
Pr(As(vy))Pr(As(vg)) for suitably chosen pairs vy, vs.

3 Properties of G,

Let d(v) be the degree of vertex v € V and let §, A denote the minimum and maximum degree.
Let §, > 2 be the minimum degree of a neighbour of v, excluding neighbours of degree one. Let
dist(u,v) denote the distance between the vertices u, v of the graph G.

Let ¢ = ¢(n) > 1 where ¢ > 1 . We say that a graph G is typical if it has the structural properties
P0O-P7 given below. The proof of the following lemma is given in the Appendix.

Lemma 1. Let p = Ck’% where w = (¢ — 1)logn — oo and ¢=0(1). Then whp G € G, is
typical.

PO: G is connected.
P1: A(G) < Ap = (c+ 10)logn and
1 <1450
5(G) > c<1l+e
alogn c¢> 1450

—600

where a = a*/2 and a* > e satisfies ¢ — 1 = a* log(ce/a*) .

P2: Call a vertex small if its degree is at most logn/20. There are at most n'/? small vertices and
no two small vertices are within distance < (loglol+gnn)2 of each other.

P3: For L CV, |L| <4,let H= G[V \ L] be the subgraph of G induced by V'\ L. For SC V' \ L
let ey (S, S) be the number of edges of H with one end in S and the other in S = V' \ (LU S).

For all H C G such that §(H) > 1, and for all S C V' \ L, |S| <n/2,
€H(57§> > 1
dg(S) ~— 6

P4: Let D(k) be the number of vertices of degree k in G. Let

D) =", )it

denote the expected size of D(k) in Gy, .

Define

ogn)?}.

< D(k) < loglogn}.
< D(k) < (logn)?}.

Ko = {ke[l,Aq: D(k) < (I
K, {1<k<15: (logn)~ —2
Ky {]f € [16,A0] : (logn)

K [1,A0]\(KOUK1UK2).



Pda: If k € K3 then $D(k) < D(k) < 2D(k), and

=0 ke Ky
D(k){ < (loglogn)? ke K
< (logn)* ke K,

P4b: If w > (logn)?? then K; = () and

min{k € Ko} > (logn)"/? and |Ks| = O(loglogn).

P5: The number of edges m = m(G) of G satisfies ‘m — %cn log n‘ < n'?logn.

P6: Let k* = [(c—1)logn|, V* ={v:d(v) = k*} and let

B* = {v e V*: dist(v,w) < 03211% for some w € V*,w # v}. Then

1— 1 —
f> Sk B*| < —D(k*).
V|2 5D() and  |B| < 5 D()

Let X = {v: 0, < alogn}. Then

1 —
V*NX| < —=D(k").
logn

ToToglog " The minimum distance between two short

P7 Call a cycle short if its length is at most

logn
loglogn

cycles is at least and the minimum distance between a small vertex and a short cycle

logn

is at least T0Toglogn "

P8: G has at least one triangle and at least one 5-cycle.

4 The cover time of a typical graph

In this section G denotes a fixed graph with vertex set [n] which satisfies PO-P8 and u is some
arbitrary vertex from which a walk is started. For a subgraph H of G let W,  denote a random
walk on H which starts at vertex w and let W, () denote the walk generated by the first ¢

steps. Let X, mg(t) be the vertex reached at step ¢ and let qut%{(v) = Pr(X, m(t) = v). Let
mu,i(v) be the steady state probability of the random walk W, H Note that properties P1 and
P8 guarantee that the Markov chain associated with the walk is irreducible and aperiodic and
therefore it has a steady state. For an unbiased random walk on a connected graph H with m(H)

edges, mg(v) = T m(v) = 2‘%(([?) where dp(v) denotes degree in H.

Let H = H(v) = G[V \ {v}] if v is not a neighbour of a vertex w of degree 1, and let H(v) = G[V \
{v,w}] if v has a neighbour w of degree 1. (Note that P2 rules out a vertex having two neighbours of
degree 1). For a subgraph H let Ny (v) be the neighbourhood of v in H (i.e Ny (v) = Ng(v)NV (H)).
When H = G we drop the H from the above notation and often drop the u as well.

Lemma 2. Let G be typical, then there exists a sufficiently large constant K > 0 such that if
70 = Klogn then for all v € V, and for all u,x € H = H(v), after t > 19 steps

1P (@) — (@) = O(n10). (3)



Proof The conductance ® of the walk W, i is defined by

en(S:S)
d(Wyn) = =
W) = _min =58

It follows from P3 that the conductance ® of the walk W, p satisfies ® > Now it follows from

Jerrum and Sinclair [10] that

2\t
PL(@) = 7 (@) = O (n“ (1 - q;) ) - (4)

For sufficiently large K, the RHS above will be O(n~') at 75. We remark that there is a technical
point here. The result of [10] assumes that the walk is lazy, and only makes a move to a neighbour
with probability 1/2 at any step. This leaves the steady state distribution unchanged, halves the
conductance and (4) remains true. For us it is sufficient simply to keep the walk lazy for 27 steps
until it is mixed. This is negligible compared to the cover time.

1
G

O
For v # u € V, let Ai(v) be the event that W, ¢(t) does not visit v.
Lemma 3.
(a) Ift > 219 and 6, > 2 then
t—210
5y — 12 1 d(v)
< _ _ S
Pr(A:(v)) (1 << 5 > @) <logn>> o Pr(Asz;(v))
t—270
5 )2 1 d(v)
P > (1- 28 Pr(As,
FAW) > ( (( ) +o (1ogn>> ) Pr(dsn ()
(b) Suppose that v,v' € V*\ X (see P6) and that dist(v,v') > @g}%. Then
, 1 k* t—QT()
P <[1—-{(1 — .
I‘(AQTO(’U)Q.AQTO(U ))_ ( < —‘rO(lOgn)) m)
Proof The main idea of the proof is to show that the variation distance between a random

walk of length 79 on H and a random walk on G, conditioned not to visit v is sufficiently small.

(a) Fix w # v and y € Ny (v). Let Wy (y) denote the set of walks in H(v) which start at w, finish
at y, are of length 27y and which leave a vertex in the neighbourhood Ny (v) exactly k times. (Note
that the walk can leave y € Ny (v) without necessarily leaving Ng(v)). Let Wy = U, Wi(y) and
let W = (wo, wr, ..., war) € Wi(y). Let

_ Pr(X,g(s) =ws, s =0,1,...,27)
PW = Pr(Xug1(5) = ws,5 = 0,1,...,270)

(*5)
1> pw 2> 5 .

(5)

Then




This is because

Pr(Xym(s) = ws | Xyn(s —1) =wy 1) {1 ws_1 ¢ Ne:(v)
G w =

da(ws—
dc?u(,s_l)lzl Ws—1 € NG(U)

If € = {Xug(T) #v,0 <7< 279} then

Pr(&) = Z Z Pr(Wy,¢(2m0) = W)

k>0 WeWy
= Z Z pwPr(Ww,H(QTo) = W)
k>0 WeWy,
0y — 1
= Zpk ( )
k>0

where
> Pr(Woy,u(2m) = W) = Pr(Wy,u(2m) € We).
Wewy

We will show in Lemma 4, below, that
po+p1+p2>1—0((logn)™") (6)
which immediately implies that
1 1)? 1)? .
Pr)>po+m|(1l—— ) +p2|l——) >(1——= ] —O((logn) ).
Oy ) )
Now fix y and write

Pr(X,c(2n)=yl&) = > >  Pr(Wue(2n)=W)Pr(E)"

k>0 WeWy(y)
= > Y pwPr(Wyu(2m) = W)Pr(€)"".
k>0 WeWy (y)
Now if
 Pr(Wan € W)
T Pr(Xun(2m) =)
= Pr(Wy u(21) leaves a vertex of Ny (v) k times | Xy, g(270) = )
then

5o —1\*  Pr(Xu,c(2mn)=y|&) .
< 2 < .
kzopk< ) < B Ly <PO

We will show in Lemma 4, below, that

Poy +P1y + P2y > 1—O((log n)il) (7)

(2 0 o)< R4 (2 o )

6

and so




Taking w as X, ¢(t — 279 — 1), and conditioning on A;_27,—1(v), we deduce that

(27) -0 () = [Pt s < (2 ) o (1)

Therefore

5 )2 1 . 1
Pr(A;(v) [ Ai-1(v)) > 1-— (<5 — 1) +0 (logn>> Z Pg;gv)( )@
! yENH (v)
5 \2 1 d(y) — 1 1 1
() o) 5, (2250 )
gy — 1 logn N ) 2m — 2d(v) n d(y)
5\’ 1 1 1
> — — _—
=1 ((6 - 1) o <logn>> 2m = 2d(w) | ) GNZ( i)
yeiNg v
5\ 1 d(v)
- 1 o)
<<5v—1) +O<logn>> 2
Here we use P2 to see that >, .y, () ﬁ < 41%2(2)
Similarly,
5y — 1\ 1 d(v)
<1- — N
Pr(A:(v) | Ai-1(v)) <1 (( 5 ) O (10gn)> o
and the lemma follows immediately. O

Lemma 4. Equations (6),(7) are valid.

Proof Clearly, we only need to prove (7) and so fix y € Ny (v).

The main idea is to show that a random walk of length 27 from w to y is close in distribution to
a random walk of length 7y from w to x followed by the reversal of a random walk W3 of length 7
from y to z, where x is chosen from the the steady state of a walk. Each of Wy, W3 is basically a
random walk of length 7y and it easy to estimate the number of returns to Ny (v) for such walks.

Let W(a,b,t) denote the set of walks in H from a to b of length ¢ and for W € W(a,b,t) let
Pr(W) = Pr(W, u(t) = W). Then for z € V(H) we have

Z Pr(W;)Pr(Ws)

Pr( Xy () = | Xum(210) =y) = Pr(V(w,y,27))

WieW(w,z,m0)
Wa eW(I,y,To)

7r_1 Z PI‘(W1>7T$7HPI'(W2)
= H Pr(W(w,y, 27—0))

WieW(w,x,m0)
W2 EW(CE,y,TO)

and with W3 equal to the reversal of W,



_ Pr(W1)Pr(Ws)
1
= ﬂ-II?,H?Ty»H Z
W et LTV (W, y; 270))
W3€W(y,£,7‘0)
-1
T, H Ty, H
= 2 P
PI‘(W(w, y7 27_0)) r(W(U), x’ TO))Pr(W(y7 x? TO))
—1
o ﬂ-x,Hﬂ-y’H . —10\1\2
= BV (w,y,2m) 00

= T —O(n?logn).

It follows that the variation distance between X,, r(709) and a vertex chosen from the steady state
distribution 7 is O(n"%logn). Now given x = X, g(70), W, n(70) is a random walk of length
79 from w to x and Wy = (z = Xy g (70), X m(ro +1),...,y = Xy u(27)) is a random walk
of length 79 from x to y. For W € W(y,x, 1) let Q(W) be the probability that (y, X, (27 —
1),...,Xw m(10)) = W. Then we have

ﬂ.x’HPI.(WT‘E’UeT‘SE)
Pr(W(z, y,m0))
ﬂ'y’HPI‘(W)

Pr(W(x,y, 1))

Ty, HT 2, HPT(W)
7. Pr(W(z,y,70))
7Ty7H7Tx7HPI‘(W)
7y, HPT(W(y, 2, 70))

QW) = (1+O(n_810gn))

= (14+0(n"®logn))

— (1+0(nSlogn))

= (14+0(n"®logn))

Thus if W = (wy,ws,...,w,, = z) then

Pr(WW)
Pr(W(y, z, 7))

QW | Xy u(m) =z)=(1+ O(n%logn))

and so the distribution of W5€¢s¢ is within variation distance O(n~8logn) of that of a random
walk of length 7y from y to a vertex x chosen with distribution 7.

Thus the variation distance between the distribution of a random walk of length 27y from w to y
and that of Wy, Wieversed is O(n=8logn) where Wi, W3 are obtained by (i) choosing z from the
steady state distribution and then (ii) choosing a random walk W from w to x and a random walk
W3 from y to . Furthermore, the variation distance between the distribution of W; and a random
walk of length 7y from w is O(n~%). Similarly, the variation distance between distribution of Wj
and a random walk of length 7y from y is O(n=?).

Now consider W; and let Z; be the distance of X, g(t) from v. We observe from P2 and P7 that

logn

except for at most one value a € J = [1, W] we have
Pr(Zp —a+1|Z —a)>1— 2 ael\a
logn
and this will enable us to prove
Pr(W; or W3 make a return to Ny (v)) = O(1/logn) (8)

and this implies (7). (Note that a move from Ny (v) to Ng(v) has to be counted as a return here.)



To prove (8), let ¢y be the first time that W; visits Ny(v). We have to estimate the probability
that TWj returns to Ny (v) later on and so we can assume w.l.o.g. that w € Ny (v) i.e. Zy = 1.

It follows from P2 and P7 that

. . 40 \°
Pr(Zi:z+1,z:1,...,6|20:1)2 1-— . (9)
logn

To check this consider two possiblilites: Let N*(v) denote the set of vertices within distance 7 or
less of v in G.

(a) N7(v) does not contain a small vertex. Since there is at most one edge joining two vertices in
N7(v), we see that Pr(Z;y1 > Z;) =1 — 2% for i =1,...,6 and (9) follows.

logn

(b) On the other hand, if there is a small vertex = in N7(v) then with probability > 1 — % the
first move from w takes us further away from 2 and (9) follows as before.

If Z3 = 4 and there is a return to Ng(v) then there exists 7 < 7y such that Z, =4, 7,,1 = 3 and
Zr4o < 3. If there is no small vertex within distance 4 of v then P2 and P7 imply

70
Pr(5|7' S 70 - ZT == 4, ZT+1 == 3, Z7-+2 S 3) =0 ((10gn)2> . (10)

If there is a unique small vertex within distance 4 of v and Zg = 7 and there is a return to Ny (v)
then there exists 7 < 79 such that Z, =7,Z,,1 = 6 and Z,;2 =5 (no short cycles close to v now).

We can then argue as in (10) that the probablity of this O (aogion)?) This completes the proof of

part (a) of the lemma.

(b) We simply run through the proof as in (a), replacing v by v,v": H = H(v,v") = G — {v,v'},
Ny (v,v") = Ng(v) U Ng(v'). The proof of (7) remains valid because v, v’ are far apart. O

4.1 The upper bound on cover time
From here on, A1, Ag,... are a sequence of unspecified positive constants.
Let tg = [2mlog —%]. We now prove for typical graphs, that for any vertex u € V
Cy < to+ o(m). (11)

Let Tz(u) be the time taken to visit every vertex of G by the random walk W,,. Let U; be the
number of vertices of G which have not been visited by W, at step t. We note the following;:

Pr(Tg(u) >t) = Pr(U; > 0) <min{l,E U;}, (12)
Cu=ETg(u) = ) Pr(To(u)>t) (13)
t>0

It follows from (12,13) that for all ¢

Cu<t+Y BU =t+> > Pr(A()). (14)

s>t veEV s>t



Now, by Lemma 3, for s > 27,

2 s—2T1o
Pr(A()) < (r—((%é4> —1£;)‘§f> Pr( Az (v)

< exp _sd(v) 1—£ , if 6, > alogn
2m logn
where « is as in P1.
Then from P4,
3
EU, < > Pr(As(v)) + Y Pr(Ay(v))
1=1 ke K; d(v)=k veX
vgX

IA
NE
S
=
D
e
e
/|\
w| &
SRS
VN
—
|
5
0§£>
N———
N———
+
'ﬁ
=
™~
&
=

i=1 keK; veX
< Ts(s) +Ti(s) + Ta(s) + Tx (s) (15)
where .
n- — sk A
Ty(s) =2 ”(n k 1)?’“(1 — pyrioheEn (1),
k=1
sk A
Tis) = 3 D(kye 3 (177, =12
keK;
and
s—210
5y —1\? 1 d(v)
T = 1— — S
x(s) 1;{( (( Oy > © <logn>> 2m
5y —1\? Az \ sd(v)
< 2 - -
- UEZXGXP{ ( dw ) logn> 2m
Now for v > 0,
- 1
—vs __ —t —1_—t

10



Let A = 42 (1-22.). Applying (16) we get

logn

o] n—1

> Tu(s)

s=to+1 k=1

N
w
3
>3
Y
N
|
—_
N————
S
ko
_
|
=
i
e
L
ml
-
>

IA
D
[q]
>
gl
L
N
e
+ 3
—_
N———
]
e
+
=
|
=
1
N
L
(‘b‘
=
+
=
>

IA
|

S

+
3
=
o

IN

We have used the estimation,

_1 1 Az/logn
npe * < (clogn) <C) (1 + >
c c—1

< (1+ O(n_l))((c —1)logn) <1 + (0—2111)1?0gn> '

Note that we have used (¢ — 1)logn — oo to get the second line.
Continuing we get

loglogn)?
A, Z ( gkg ) e kA
s=tp+1 ke Ky

= o(m) (18)

]
=

S
A

since either (i) w > (logn)?/® and K1 = 0 or (i) w < (logn)%? and e* > (1 — o(1))(logn)"/3.

D Tu(s)

s=to+1 keKs>
= o(m) (19)

(logn)*

A
1N
3

(]

since either (i) w > (logn)?? and min{k € Ky} > (logn)'/? and |K2| = O(loglogn) or (ii)
w < (logn)?? and e > (1 — o(1))(logn)'/3.

11



Note now that ¢, > 2 and if v € X (see P6) then from P2 d(v) > logn/20. Thus

SENCIEEDS Zex"{‘ﬁ(ﬁ}

s=to+1 s=to+1veX
< :i()m exp {_t(fé(v) }
veX (U) m
200m tologn
< — by P2
- Z logn p{ 200 } Y
€x
. log n/201
logn c
veX
= o(m) (20)

since either (i) ¢ > 14+e77% and X = 0 or (ii) ¢ < 1+e7°% in which case we use (c—1)/c < e°%.

As Cg = maxyecy Cy, the upper bound on Cg now follows from (11), (15), (17), (18), (19), (20)
and (14) with ¢ = ¢o. O

4.2 The lower bound on cover time

For any vertex u, we can find a set of vertices S such that at time t; = to(1 — €), ¢ — 0, the
probability the set S is covered by the walk W, tends to zero. Hence Tz(w) > t; whp which
implies that Cg > (1 — o(1))to.

We construct S as follows. Let k*, V*, B* be as defined in Property P6.
Let S* = V*\ (B*UX) and let

10 log logn (logn)3
‘ (c—1)logc/(c—1) logn o1) and 9 |S*|
Note that
— nle=1)In(c/(c—1)) .
D(k*)=Q e Doan = Q((logn)?) (21)

for any constant a > 0. Then P6 implies that |S*| = Q((logn)?®) for any constant a > 0.

Now for v, w # u let Ay(v,w) be the event that W has not visited v or w by step t.
Let Q C S* be given by

Q={ve S :Pr(Ay,(v)) <1-146, or Pr(As,(v,w)) < (1 —0)?, for some w € S*}.

Now in time 27y, W can visit at most 279 + 1 vertices and so

Z Pr(As,(v)) <279+ 1 and Z Pr(As, (v,w)) < <

2719 + 1)
veV v,weV

2

Thus
219+ 1 219219 + 1)

5 2(1— (1—6)2)

QI < = o(|S™)).

12



Therefore, if S = 5%\ Q,
D(k*)
> .
512 2

Let S(t) denote the subset of S which has not been visited by W by time ¢. Now

B[S0 >3 <1 _ <1+ As ) il )Hm Pr(Ass, (1)).

= logn /) 2m

Setting t = t; we have

nlc—1)logc/(c—1) k*
Elst)] = 05— exp (— tl)
(c—1)logn 2m

_ ne(c—l)logc/(c—l)
(c—1)logn
= Q((logn)?). (22)

Let Y, + be the indicator for the event that W, (¢) has not visited vertex v at time t. As v,w € S
are not adjacent, and have no common neighbours, when we delete v, w the total degree of H (v, w)
is 2m — 2d(v) — 2d(w), and d(v) = d(w) = k*. Tt follows from Lemma 3(b) that for v,w € S

(- (o) 5)

(14+01)EY, 4, EY,,,. (23)

E (Yv,tl Yw,h )

IN

VAN

It follows therefore that

2
Pr(S(t) #0) > (E :g( ) ! —1—o(1)

t1
2~ E[S, (IS -1
()l |(1f31|k|9(}t71t)1\|)2 L+ (B8, )) !

from (22) and (23). O
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5 Appendix: Typical graph properties

A proof of PO,P1 can be found in Bollobds [2] or Janson, Luczak and Ruciniski [9].
A proof of P2 can be found in [3].

P3: Case of 1 <s =S| <n/(clogn).

We first prove that whp eg(S,5) < sloglogn. Now

Pr(3S : eq(S,S) > sloglogn)

log1
< n (;) pSIOglogn < (@)s L sloglogn
~ \s/ \sloglogn = \g 21og log n

2nlogl
< exp (—s (log log n - log <nog0gn> — log ne))
cselogn S

=o(n?%).

By property PO and the definition of H, both G and H contain no isolated vertices and hence
d(S) > 0. We write e(S,5)/d(S) = 1 — 2¢(S, S)/d(S). Partition S into sets S; and Sz, where S
are the vertices of S of degree at most (logn)/10. Let 17 be the neighbour set of S; in Sy and let 1%
be the neighbour set of S; in S. By property P1 the set S; induces no edges, and the neighbours
of vertices of S7 are distinct. Thus

2ep (S, S) < 2(|T1] + | S2|loglog n)
dg(S) = 2|Ta| +[T2] +|S2[((logn) /10 — |L|)
2 +loglogn
Gogmyio oW

Now use

dH<S) = eH(S, ?) + 2€H(S, S)

Case of n/(clogn) < s <n/2.
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The expected value of e (S, S) is at least = s(n — s — 4)p. Thus from Chernoff bounds, for fixed
8?

_c 5(n7n574) log n

Pr(3S: e(5,5) < u/2) < (”) 9

c ne
< exp (—s (— logn — log —))
S

18
= o(n™?).
We note that E dg(S) = 2(5)p + s(n — s — |L|)p. Thus
3 N\ _<slogn
Pr(3S:dy(S) > §E di(S)) < L)e &

< exp (s (g5 loen ~ 1o 7))
<exp|(—s 200gn 08 —

= o(n?)
s (S,9) Ls( 4) 1
eq (S, 55(n—s—4)p 1
n(S) = I2()p 1 stn_sp) 6

P4a: First observe that

Pr(3k e Ko: D(k)>0)< > D(k) = Bl g <1> :

2
e (logn) logn
Then
D(k 1
Pr(3k € K1 : D(k) > (loglogn)?) < Z (101(0)71)2 =0 <lolon> .
ke K1 8108 508
Similarly,

Pr(3k € Ky : D(k) > (logn)*) < ) D(k) :0( ! >

1
%, (logn) logn

A simple calculation gives that for our range of values of p

E (D(k)(D(k) — 1)) = D(k)? <1 +0 <1°g”>> .

n

Thus

varD() = D(k) (140 (ZELEL) )

n

Applying the Chebychef inequality we see that

— — 4VarD(k) 4 logn
D(k) or D(k) > 2D(k)) < D DW) (1 +0 < - )) .

Pr(D(k) <

DN | =

So, as |K3| = O(logn),

Pr(3k € K3 : D(k) <



P4b: The sequence (D(k), k > 0) is unimodal and

D(k+1) clogn

D(k)  k+1

when k£ = O(logn). (24)
Moreover, for k < A there is a positive constant A = A(k) such that

- _. [celogn kol

Suppose first that there exists k € K; U K such that & < (logn)'/2. It follows from (25) that
c—1< (logn)~'/3 for if ¢ — 1 > (logn)~/3 and k < (logn)'/? then D(k) = o((logn)~2).

Now suppose that k € K, implies k > (logn)'/2. Observe from (25) that both
D([(c — c?)logn]) and D(|(c + ¢'/3)logn]) are much greater than (logn)? Thus either k < (¢ —
c/®)logn or k > (c+c/3)logn. In either case, we see from iterating (24) that |Ks| = O(loglogn).
P5: This follows immediately from Chernoff bounds.
P6: From (21) we see that [(c — 1)logn] € K3 for ¢ constant. That [V*| > $D(k*) now follows
from P3. Now |B*| < |{(v,w) € (V*)?: dist(v,w) <d = (I;OII%H. Therefore

glogn)

d
E|[B*| < D(k*)* ) n"p"*! = o(D(k")),
k=1

and the second part of P6 follows from the Markov inequality. The third part is a similar first
moment calculation.

P7: A proof of similar results can be found in [3].

P8: The expected number of triangles tends to infinity and we can use the Chebychef inequality
to show that one exists whp . The same argument will work for 5-cycles. O
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