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1 Introduction

Let G = (V, E) be a connected graph, let |V| = n,
and |E| = m. A random walk Wy, u € V on the
undirected graph G = (V,E) is a Markov chain
Xo = u, Xq,...,X,... € V associated to a parti-
cle that moves from vertex to vertex according to the
following rule: the probability of a transition from
vertex 7, of degree d;, to vertex j is 1/d; if {i,j} € E,
and 0 otherwise. For u € V let C, be the expected
time taken for W, to visit every vertex of G. The
cover time Cg of G is defined as Cg = maxy,cy Cy.
The cover time of connected graphs has been exten-
sively studied. It is a classic result of Aleliunas, Karp,
Lipton, Lovasz and Rackoff [2] that Ca < 2m(n—1).
It was shown by Feige [11], [12], that for any con-
nected graph G

4 .
(I—o(1))nlnn<Cqg < (1+ 0(1))2—7713.
The lower bound is achieved by (for example) the
complete graph K,, whose cover time is determined
by the Coupon Collector problem.

In a previous paper [10] we studied the cover time of
random graphs G, , when np = cIlnn where ¢ = O(1)
and (¢ — 1)lnn — oo. This extended a result of
Jonasson, who proved in [16] that when the expected
average degree (n — 1)p grows faster than Inn, whp
a random graph has the same cover time (asymp-
totically) as the complete graph K,, whereas, when
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np = O(lnn) this is not the case.

Theorem 1 [10] Suppose that np = clnn =Inn+w
where w = (c—1)lnn — oo and ¢ > 1. If G € G, p,

then whp'!
¢ 1) nlnn.

Cag ~cln <

c—
The notation A,, ~ B, means that lim,, o, A, /B, =
1.

We first consider random regular graphs:

Theorem 2 Let r > 3 be constant. Let G, de-
note the set of r-reqular graphs with verter set V =
{1,2,...,n}. If G is chosen randomly from G,, then
whp

r—

Ca ~
r

nlnn.

Aldous [1] found the cover time of certain Cayley
graphs. Once we have proved Theorem 2 we will see
that some of Aldous’s resuts can be obtained fairly
easily. This connection will be discussed in the full
paper.

We turn our attention to the preferential attachment
graph Gy, (n) introduced by Barabdsi and Albert [4]
as a simplified model of the WWW. The preferential
attachment graph G,,(n) is a random graph formed
by adding a new vertex at each time step, with m
edges which point to vertices selected at random with
probability proportional to their degree. Thus at

1A sequence of events &£, occurs with high probability whp
if limp—o00 Pr(&€y) = 1.



time n there are n vertices and mn edges. We use
the generative model of [7] (see also [8]) and build a
graph sequentially as follows:

e At each time step t, we add a vertex v;, and
we add an edge from v; to some other vertex u,
where w is chosen at random according to the
distribution:

dt(vi)
Pr(u=uv;) =4 2=’

if v; # vy

L if v; = vy

2t—-17

where d;(v) denotes the degree of vertex v at
time ¢.

e For some constant m, every m steps we contract
the most recently added m vertices to form a
single vertex.

Let Gp,(n) denote the random graph at time step
mn after n contractions of size m. Thus G,,(n) has
n vertices and mn edges and may be a multi-graph.

We prove
Theorem 3 Whp the preferential attachment
graph G = G, (n) satisfies

2m

Cag ~

nlnn.

The next section contains the heart of the proof of
our Theorems. In it we establish a good estimate of
the probability that the first visit of W to a vertex
v takes place at a time ¢. Once this is done, we can
proceed to the proof of Theorem 2 in Section 3.

2 The first visit time lemma.

2.1 Convergence of the random walk

In this section G denotes a fixed connected graph
with n vertices. w is some arbitrary vertex from
which a walk W, is started. Let W, (¢) be the ver-
tex reached at step t, let P be the matrix of tran-

sition probabilities of the walk and let Pi" (v) =

Pr(W,(t) = v). Let 7 be the steady state distrib-
ution of the random walk W,,.

2.2 Generating function formulation

Fix two
vertices u,v. Let h; be the probability Pr(W,(t) =

v) = Pist)(v), that the walk W, visits v at step ¢. Let
H(s) generate h;.

Similarly, considering the walk W,, starting at v, let
r; be the probability that this walk returns to v at
step t = 0,1,.... Let R(s) generate r;. We note that
ro = 1.

Let fi(u—v) be the probability that the first visit of
the walk W, to v occurs at step t. If u # v then
fo(u—v) =0. Let F(s) generate fi(u—wv). Thus

(1)

Let T be the smallest positive integer such that for
t>T,

(2)

For R(s) let

max [PV (z) — 7| < n 3
eV

3)

Thus Rr(s) generates the probability of a return to
v during steps 0,...,7 — 1 of a walk starting at wv.
Similarly for H(s), let

T-1

Hyp(s) = Z hjs’.

(4)

.

2.3 First visit time: Single vertex v

The following lemma should be viewed in the con-
text that G is an n vertex graph which is part of a
sequence of graphs with n growing to infinity. We
prove it in greater generality than is needed for the
proof of Theorem 2.



Lemma 4 Let T be as defined in (2) and

1

A=
KT

()

for sufficiently large K.

Suppose that for some constant 0 < 0 < 1,

(a) Hr(1) < 0Rp(1).
(b)

(c) T, =o0(1), Tm, = Q(n™2).

in |R > 0.
J2in VB (s)] =

Let
©  r = masomn)
(7) Cuw = 1 Hr(1)

- Rr(1)(1+0(Tm,))’

where the values of the 1 + O(T'w,) terms are given
implicitly in (14), (17) respectively. Then

(8)

R T
Proof Write

R T
(9)  R(s) = Re(s) + Re(s) + T,

where Ryp(s) is given by (3) and

ET(S) = Z(rt —7y)s"

t>T

generates the error in using the stationary distribu-
tion m, for r; when ¢t > T'. Similarly, let

R T
(10)  H(s) = Hp(s) + Hp(s) + wv%.
Note that for Z = H, R and |s| < 1+ o(1),
(11) |Z(5)] = o(n™?).

This is because the variation distance between the
stationary and the t-step distribution decreases ex-
ponentially with ¢.

Do +0(e /) for allt > T.

Using (9), (10) we rewrite F(s) = H(s)/R(s) from
(1) as F(s) = B(s)/A(s) where
mosT + (1= 8)(Rr(s) + Rr(s)),

~

7psT 4 (1 — 8)(Hp(s) 4+ Hr(s)).

(12) A(s) =

(13) B(s) =

For real s > 1 and Z = H, R, we have
ZT(].) S ZT(S) S ZT(].)ST.

Let s = 1 + @Bm,, where 8 > 0 is constant. Since

Tm, = o(1) we have
Zp(s) = Zr(1)(1 + O(Tmy)).

Tr, =o(1) and T, = Q(n=2) and Rp(1) > 1+7ry >
1+ % implies that
A(s) =m(1 = BRr(1)(1 + O(T'wy))).

It follows that A(s) has a real zero at sg, where

Ty

o=t BT o)

(14) =1+ py,

say. We also see that

(15)  A'(so) = —Rr(1)(1 + O(T'm)) # 0

and thus sg is a simple zero (see e.g. [9] p193). The
value of B(s) at sg is
(16)

Bl(so) = (1 SR e

@)
RrAr0T=)) T O(Tm)) £0.
Thus, from (6), (7)

B(so)

1 = TPovCu,v-
(17) W(so) ~ Peew

Thus the (see e.g. [9] p195) the principal part of the
Laurent expansion of F(s) at sg is

f(S) _ B(SO)/A/(SO) )

(18)
S — 8o

To approximate the coefficients of the generating
function F(s), we now use a standard technique for
the asymptotic expansion of power series (see e.g.[19]
Th 5.2.1).



We prove below that F(s) = f(s)+g(s), where g(s) is
analytic in C) and that M = maxscc, |g(s)| = O(1).

Let a; = [s']g(s), then (see e.g.[9] pl43), a; =
g®(0)/t!. By the Cauchy Inequality (see e.g. [9]
p130) we have that [¢g® (0)] < Mt!/(1+ \)* and thus

M

las| < = O(e V2.

1+t
As [s']F(s) = [s']f(s) + [s']g(s) and [s"]1/(s — s0) =
—1/(s0)! we have

[st]F(s) = —2(30)/A(s0)

19
(19) o

+0(e™M?).

Thus, we obtain

t o Dv
[s"1F(s) = Cu,vW

which completes the proof of (8).

+0(e72),

We now prove that sg is the only zero of A(s) inside
the circle Cx. We use Rouché’s Theorem (see e.g.
[9]), the statement of which is as follows: Let two
functions ¢(z) and v(z) be analytic inside and on a
simple closed contour C. Suppose that |¢p(z)| > |v(2)|
at each point of C, then ¢(z) and ¢(z)+~(z) have the
same number of zeroes, counting multiplicities, inside

C.
Let the functions ¢(s),v(s) be given by ¢(s) = (1 —
s)Ry(s) and y(s) = mps? + (1 — s)ﬁT(s)

7r T |Rr(s
e/ lots)) < LI B o)
As f(s)+g(s) = A(s) we conclude that A(s) has only

one zero inside the circle C. This is the simple zero
at S0- O

Corollary 5 Let A;(v) be the event that W, has not
visited v by step t. Then fort > T,

Cuw —At/2
- +0(e ).

Pr(A;(v)) = T+ po)t

Proof We use Lemma 4 and

Pr(4,(v) = 3 fr(u—v),

T>1

3 Random regular graphs

From here on, we replace Ry (1), Hr(1) by the nota-
tion R,, H,.

We start with some typical properties of a random
regular graph. Let

w=|Inlnlnn|.

Say a cycle C' is small if |C| < 2w + 1. An r-regular
graph G is nice if

P1. G is connected.

P2. The second eigenvalue of the adjacency matrix
of G is at most 2v/r — 1 + ¢, where € > 0 is ar-
bitrarily small (e = 1/10 is small enough). This
implies that T'= O(Inn).

P3. There are at most 72 vertices on small cycles.

P4. No pair of small cycles are within distance 3w of

each other.
In the full paper we show

Theorem 6 Let r > 3 be a constant and let G be
chosen uniformly from the set G, r-regular graphs
with vertex set [n]. Then G is nice whp.

Assume from now on that G is a nice regular graph.

For v € V let H, be the sub-graph induced by the
vertices at distance 2w or less from v.

Definition 1 We say v is locally tree-like if H, is a
tree.

Lemma 7 If v is locally tree-like then

r—1

R, =
r—2

+o(w™).

Proof Let T, be the infinite r-regular tree,
rooted at v. Let X be a random walk on T, start-
ing at v. Let p; be the probability that & is at v at



step ¢. Now we can project the walk X onto a walk
on {0,1,2,...,} where the particle moves right with
probability ¢ = T;1 and left with probability p = %
Let E; be the expected number of visits to 0 for such
a walk starting at ¢. Then

Ey=1+E1 =1+ Eyp/q.

This is because F; is Ey times the expected number
of visits to 0 between right moves from 1. Solving
gives

r—1
r—2°

(20)

Zpi =Eo =
=0

Note next that poip1 = 0,p2; < v = (212) (’7,_21)Z
bounds the number of walks that place the particle

at 0 at time 2¢). Therefore,

o< Y v=ow)

i=w-+1 j=w/2

(21)

We compare this with R,. First observe that r; = p;
for i <w. Then from e.g. [15], we see that

T T
(22) > S Y (o M) = o).
i=w+1 i=w+1
The lemma now follows from (20) and (21). ad

Lemma 8 If v is locally tree-like then |Rp(s)| >
1/(2(1+e)) for|s| <1+

Proof Ry (s) generates the expected number of

returns to v in T'. Assuming v is locally tree-like
Ri(s) = 1= + Q)
§) = ——— s
’ 1— F(s)

where F(s) generates the first return probability in
the tree T, and Q(s) is a correction. Thus

[Rr(s)| = —1Q(s)[-

1
1—F(s)
and

1= F(s)| <1+ |F(s)| <1+ (1+ N7,

as [F(s)| < X250 vils# < 1.
Write Q(s) = Q1(s) — Q2(s) where

Q1(s) = %HSMH ot grogst !

corrects returns due to non tree-like structure of G
at steps w + 1,..T — 1. Qa(s) = rps? + ... +ryst +
.. is the tail of M(s) = 1/(1 — F(s)) above T" — 1.

J
v < (4”7;1)) implies that the radius of convergence

of M(s)isd > 1, 7, = O(d™"). It was proved in
(22) that Q1(1) = O(1/w) so that |Q1(s)] < (1 +
MNTO(1/w) and for 1 + X < d

(14 X\)/d)T 1+ A\
Qa(s)| = 0 (1_(1H)/d) _0 <d) |
Thus, with o = (1 + \)T
1
|Rr(s)] > m —1Q(s)]

1 1
> _ —
- 1—|—O¢ CVO (u.))7
Thus for A = 1/T we have |Rp(s)] > 1/(2(1+¢)) for
ls] <1+ A o

Finally we note:

Hy, -9

Lemma 9 For nice graphs, & 16

Proof Let f/ be the probability that W, has a
first visit to v at time t. As H(s) = F(s)R(s) we
have

Hr(l) <

T-1
= Rr())_ fi.
=1

Pr(W,, visits v by time T — 1)Rp(1)

Now if 7o = [2In AL InInn] then

max

T—-1 T—1
DTS (T + Moa) = 0(1).

t=7o t=71o

We now estimate Y ,° f/, the probability that W,
visits v by time 7. Let w1, va,...,v, be the neigh-
bours of v and let w be the first neighbour of v visited



by W,. Then
Pr(W, visits v by time 79) =

s
ZPI‘(WU visits v by time 79 | w = v; )Pr(w = v;) <
i=1

Z Pr(W,, visits v by the time 7)Pr(w = v;).

i=1

So it suffices to prove the lemma when u is a neigh-
bour of v. If Gj(u) is a tree then we can argue as in
Lemma 7. Let ¥ be the probability that a particle at
the root of T;. ever returns to the root. The expected
number of visits is

r—1 o=, 1 1
R DL GO b wa?
k=1
Sowzriland

Pr(W, does not visit v by time 79) >

(1= —o(1))

r—1

r

If G;(u) contains a cycle C then let e = (£,7) be an
edge of C' not incident with u and let T;, be the tree
Gi(u)—e. Let N'(u) = {ug,us,...,us}, s € {r—2,r—
1} be the neighbours of w which are not on a shortest
path from & or n to w in T,,. |N'(u) \ {v}| >r—3
and so

Pr(W,, does not visit v by time 79) >

r—=3. Y (r—2)(r—23)
(1 —o) = L2

= —o(1).
This leaves the case r = 3 and N'(u) = {v}. With
probability % we have W, (1) # v. If € or 7 is reached
(possibly N(u) = {v,&,n}), then with probability
% the next move is away from u and 1 — 1 — o(1)
bounds the probability that there is no return to & or
1. Hence

Pr(W,, does not visit v by time 79)) > =(1—1¢—o(1))

Ol N

completing the proof of the lemma. O

4 Cover time of nice graphs

We now prove that

r—

Cg ~
r

L 1
nlnn.
2

Assume that u,v € V and that v is tree-like. Section
3 establishes that the conditions of Lemma 4 hold,
and gives values for the parameters ¢y, p, given by

(6), (7).

Hence, the probability that W, has not visited v by

some step t > T (see Corollary 5) is given by
Pr(A;(v)) = (14 0(1))cuve P + ON"Te ™ /2).

Here ¢y, = ©O(1), A=0(1/1nn) and

pvz(T‘2<1+mw*».

r—1)n

4.1 Upper bound on cover time

Let t() =
[(1+071)2=inlnn]. We prove that for nice graphs,
for any vertex u € V,

(23) Cy, <to+ O(to).

Let T (u) be the time taken to visit every vertex of
G by the random walk W,,. Let U; be the number of
vertices of G which have not been visited by W, at
step t. We note the following:

Z Pr(Tg(u) > t),

>0
Pr(U; > 0) < min{l,E U,}.

(24)C,, = E Ti(u)

(25\Pr(Te(u) > t)

It follows from (24), (25) that for all ¢

(26) Cu<t+>» EU =t+» > Pr(A,v)).

s>t veV s>t

Let V7 be the set of locally tree-like vertices and let
Vo =V —Vi. If G is nice then | V3| < r3“ for there are
at most 7 vertices within distance w of a particular



vertex in a small cycle, and at most r?* vertices on are at least distance 2w + 1 apart.

small cycles.

For v € V; we have

> Pr(A.(v))

s>ty

< (14 o(1))eome 3 e=(emtoe 1 O(A-2M0r2)
s>to

< 71—;16—1501%

r—1
<3 .
- r—2

Furthermore, we see that in particular,

(27) Pr(As,(v)) <2e'.

Suppose next that v € V5. We can find w € V; such
that dist(v,w) < w. So from (27), with v = 5n + w,
we have

Pr(A,(v)) <1—(1—2e)r v

since if our walk visits w, it will with probability at
least r~“ visit v within the next w steps.
y=(1-2e"Yr«,

Thus if

Thus [S| >
(TL _ ,r,3w>,r—(2w+1).

Let S(t) denote the subset of S which has not been
visited by W, after step t. Now, provided t > T

E [S(t)| > (1 —-o0(1)) Z (ij;})f +0(n2)) :

vES
Let u be a fixed vertex of S. Let v € S and let H,
be given by (4), then (32) implies that

T—1
H, < Z(Wu + )‘fnax) = o(1).

t=w

(28)

Thus ¢y = 1—0(1). Setting ¢t =¢; = (1 —€)to where

€ = 2w~ !, we have
E[St)] =

(29) >

(1+o(1))[ e (1= Vor-

nt/w.

Let Y, ; be the indicator for the event that W, has
not visited vertex v at time ¢. Let Z = {v,w} C S.
We can show (proof omitted) that that for v,w € S

Cu,Z

(30) (1 +pZ)t+2

E (}/Uytlywytl) = + 0(7172),

Z Pr(A,(v)) < Z(l_V)LS/VJ < 2(1—7)8/(21/) where ¢,z ~ 1 and pz ~ 2(r — 2)/(n(r — 1)). Thus

s>to s>to s>to
(1 — ~)to/(2v)

_ —1
DT

vy

Thus, for all u € V,

r—1
Cu <to+3-—|Vi| +3[Valvy ™!

= to + O(T’4wﬂ) = to + O(to).

4.2 Lower bound on cover time

For any vertex u, we can find a set of vertices S such
that at time t; = to(1 —¢), € — 0, the probability the
set S is covered by the walk W, tends to zero. Hence
T (u) > t; whp which implies that Cg > to — o(to).

We construct S as follows. Let S C Vi be some
maximal set of locally tree-like vertices all of which

Bl E (Yo, Yur,) = (1+0(1)E (Yo, )E Yo, )
It follows from (29) and (31), that

(E|S(t)])?
Pr(S(t1) #0) > W
1
= — =1-o0(1).
T
O
5 Preferential Attachment

Graph

5.1 The random graph G,,(n)

Lemma 10 (a) Suppose that 0 < a < 3 < 2/3.



Then

Pr(3i <n®: d(i) <n'/?7%/?78) = o(1).

(b)
Pr(3s,t: di(s) > (t/s)"*(Inn)?) = O(n=3).

O

Suppose that v is locally tree-like. We say that v is
locally regular if H, is a tree of depth 2w, rooted at
v, in which every non-leaf has branching factor m.

Lemma 11 Whp, G,,(n) contains at least ni=o)
locally regular vertices.

A small cycle is light if it contains no vertex v < n'/10

(it has no “heavy” vertices), otherwise it is heavy.

Lemma 12 Whp G,,(n) does not contain a small
cycle within 10w of a light cycle.

Lemma 13 Whp G,,(n) does not contain a vertex
v > n3/% which is within distance 10w of 2 distinct
small cycles.

We also need to deal with the possibility that Gy, (n)
contains many cycles.

Lemma 14 Whp G,,(n) contains at most (Inn)>*
small cycles.

Lemma 15 Whp there are at most O(n'/2to(1)
non tree-like vertices.

The conductance ® of the walk W, is defined by

min e(S:9)
r($)<1/2 d(S)

Mihail, Papadimitriou and Saberi [18] proved that
the conductance ® of the walks W are bounded be-
low by some absolute constant. Now it follows from
Jerrum and Sinclair [15] that

(32)  |P{P(2) = mal < (mo/ma)'/2(1 - @2 /2)".

For sufficiently large K, the RHS above will be
O(n=1%) at 75. We remark that there is a techni-
cal point here. The result of [15] assumes that the
walk is lazy, and only makes a move to a neighbour
with probability 1/2 at any step. This halves the
conductance but we still have T'= O(Inn) in (2). It
doubles the covertime. It also asymptotically doubles
the values R,. Otherwise, it has a negligible effect on
the analysis and we will ignore this for the rest of the
paper and continue as though there are no lazy steps.

6 Cover time of G,,(n)

6.1 Parameters

Asume now that G,,,(n) (i) has n' =°(") locally regular
vertices, (ii) d(s) > n'/* for s < n'/19) (iii) d(s) >
n'/?5 for s < n®/5 (iv) no small cycle close to a
light cycle, (v) no v > n3/® within distance 10w of
2 distinct small cycles, (vi) O((Inn)5*) small cycles
and (vii) O(n'/?+°(M)) non tree-like vertices.

Lemma 16 Suppose that v is locally-tree-like. Then

(a) R, < 2
(b) d(v) > m + 1 implies R, <

d(v)(m+m~1-1)
d(v)(m+m—1-2)4+m—-1-1

Proof We first define an infinite tree T} by tak-
ing the tree T, defined by the first w + 1 levels of H,
and then rooting a copy of the infinite tree T,>° which
has branching factor m from each leaf of 7). Thus if
v is locally regular, T, itself is an infinite tree with
branching factor m, rooted at v.

Let R} be the expected number of visits to v for in-
finite random walks W} on T}, started at v, making
null moves with probability v and making no null
moves respectively. We argue first that

(33) IR, — R| = o(w™).



Let r; = Pr(W}(t) = v). Then

T 0
R, — Ry| < Zrt—I— er
t=w+1 t=w+1
(34)
B > t (m? — m)t/?
< ! 1 even o TNt
<o+ L (o) o

=o(w™h).

Explanation of (34): The first term follows directly
from (32): Y, 7 < Ty + S 1 (1 — 2/2)".
We bound the second sum by considering a walk )
on {0,1,2,...,} which at each time step moves right
with probabilty goqq = =% when at odd values,
Qeven = mlﬂ when at even values and moves left with
probablity pparity = 1 — Gparity, parity=odd,even, ex-
cept at the origin, when it always moves right. We
couple Y(¢) with the distance of W (¢) from v. Our
choice for podd, Peven 18 determined by the fact that if
a vertex w in the first w+1 levels of H, has branching
factor m — 1 then its ancestors have branching factor
> m. We maximise R, by keeping branching factors
small and so the largest R, is achieved by having
branching factors m — 1,m alternating on any path
from v. This leads to ).

Thus 7} is at most the probability that Y(¢) = 0. We
now bound this latter probability. We observe that
it is bounded by the probability that another walk
Y1 is at the origin after ¢ steps. Here ) is the walk
on {0,+1,+2,...,} where the particle moves right
with probabilities qoqd, @ever and left with probabili-
tieS Dodd, Peven 1-€. there is no barrier at the origin.
We can couple Y, Yy so that Y(t) > |V1(t)|. When
Yi(t) > 0 we can move them in the same direction
and when ); < 0 then we can move ) further from
the origin whenever ); moves further from the origin.

Finally, consider the walk )» that ) induces on

the even integers. The non-trivial moves are right
2

with probabilty —2—"- and left with probability

m2—m+1

+7—=77- The probability that ¢ non-trivial mox//es
2 t/2
yields a return is precisely 1; even(t}z)%'

Now the probability that there are at most w/10 non-

trivial moves is exponentially small, in w and this can
be absorbed into the o(w™!) term.

Let by, w € T, be the branching factor at w i.e.
b, = d, and b,, = d,, — 1 if w is not the root. Further,
if w is in the first w levels let b, = b}, + b, where b}
is the number of descendants w’ of w with w > w’
i.e. w chose w' in the construction of G,,(n). If w is
at a higher level, we take b,, = b}, = m and b, = 0.

Let T, be the sub-tree of T rooted at vertex w.
(Thus T, = T). Let p,, denote the probability that

a random walk on T,, which starts at w ever returns
to w. Our aim is to estimate p, and use

1
- 1_pv'

(35) Ry

Let C(w) denote the children of w in T;. We use
the following recurrence: The parameter k counts the
number of returns to z.

Pw =
g 2 2 () (e ()
- 7 - I Px - 5 — Pz
bu e tw) k30 dy dy
| (1-&)a-p)
:1—
meC(w) 1_p$(1_i>
1 1
Y geC(w) bx+1—p1bx

We see immediately that if T} is a regular tree with
branching factor m > 2 then, with p,, = p for all w,

1
p= and hence p = —
m

m+1—pm
and this deals with the locally regular case.

Now define b, to be the number of children x of w
with < w. These are the children chosen by w. Let
by, = by — b .

We will now prove the following by induction on w +
1—4,,, where £, < w+1 is the level of w in the tree.:
(a) b, =m — 1 implies p,, < L.

m



1
buw

by —m
m+m—1—-1

(b) b, > m+ 1 implies p,, <

).

(1+
(¢c) by, = bf; = m implies p, <

m’
__m
m2—m+1

(d) by =0b), +1=m implies

pu < o
The base case will be ¢,, = w + 1. For which, Case
(c) applies and the induction hypothesis holds from

—1
m—=1 +
the locally regular case.

m

The lemma follows from this since only cases
(b),(c),(d) can apply to the root v, in which case
b, = d(v).

Let us now go through the inductive step. Let us
assume these conditions apply to 2 € C'(w) and then
we find that in these cases:

(a) bx—i—l—bmpzzm—l—%—l.
(b) b1 —bapy = m+ (b —m) (1 b ) 2
m.

(c) by +1—byrp, >m.

__m
m2—m+1"

Case (a): In this case b,, = b, and only cases (b),(c)
are possible for x € C(w). In which case b, + 1 —
byepe > m for x € C(w).

Case (b): In C(w) we have b/ cases of (b) or (c)
and b, cases of (a),(b) or (d). In the first case we
have b, + 1 — b p; > m. In the second case we have
by +1—byp, > m+m~' —1. Thus

(

by,

m

by

1
m+m-1—1

<
pw—b

Sub-case (i): b}

<i 14 by —m
pw*bw m+m-1—-1)"
Sub-case (ii): b} =m — 1
1 1 by —m+1
o< —(1-= .
P _bw< m+m+m11)
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Case (c): This follows as in Case (a).

Case (d): In C(w) we have m — 1 cases of (b) or (c)
and one case of (a),(b) or (d). Thus

1(
Puw < —
m

as is to be shown.

1
m+m-1—-1

m—1

m

Lemma 17 Suppose that either

(i) G, contains a unique light cycle C,, that v ¢ C,
and that the shortest path P = (wy = v,wy,...,wg)
from v to C, is such that max{d(wi),...,d(wg)} >
w3, or

(i) that H, contains only heavy cycles. Then

)

(@) Ry, <=
(b) dv) > m + 1
d(v)(m4+m~1—1)

d(v)(m+m~—1-2)4+m—-1-1

implies R, <

Proof

(a) Let w be the first vertex on the path from v to
C, which has degree at least w®. Let H] be obtained
from H, by deleting those vertices, other than w,
whose only path to v in H, goes through w. Let R}
be the expected number of returns to v in a random
walk of length w on H|, where w is an absorbing state.
We claim that
(36) R, <R, +o(w™).

Once we verify this, the proof of (a) follows from the
proof of Lemma 16 i.e. embed the tree H'v in an
infinite tree by rooting a copy of T,> at each leaf. To
verify (36) we couple random walks on H,, H,, until
w is visited. In the latter the process stops. In the
former, we find that when at w, the probability we
get closer to v in the next step is at most w™> and
so the expected number of returns from now on is at
most w X w™? and (36) follows.

(b) Now consider the case where H, contains only
heavy cycles. We argue first that a random walk of
length w that starts at v might as well terminate if it
reaches a vertex w < n'/1% w # v. We can assume



d(w) > n'/*. Now we can assume from Lemma 14 at
least ng = n'/* — (Inn)® of the edges incident with
w are not in cycles contained in H,. But then a walk
that arrives at w has a more than —7%; chance of en-
tering a sub-tree T, of H, rooted at w for which every
vertex is separated from v by w. But then the prob-
ability of leaving T, in w steps is O(w(Inn)> /nl/4)
and so once a walk has reached w, the expected num-
ber of further returns to v is o(w™!). We can therefore
remove T,, from H, and then replace an edge (z,w)
by an edge (z,w,) and make all the vertices w, ab-
sorbing. Repeating this argument, we are left with a
tree to which we can apply the argument of Lemma
16. O

Note that if v € Vg then no bound on R, has been
established:

Vg = {v: G, contains a unique light cycle C,, and

the path from v to C, contains no vertex

of degree at least w?}

However, for these it suffices to prove
Lemma 18 Ifv € Vi then R, < (Inn)?/3.
We will also need to show the following:
Lemma 19 Ifv > n3/5 then

(@) [Rr(s)| = 1/(2(1 +e)) for [s| <1+ A
(b) H, < CnRy + 0o(1) where Cp, < 1.

One of the problems in proving this lemma arises
from the existence of non-locally-tree-like vertices.
This problem is ameliorated by restricting attention
to v > n3/% and using Lemma 13. For v < n?/%,
we know d(v) > n'/?° and so after a walk of length
(Inn)? there is an Q(n~1/?%) chance of being at v.
Thus v will be visited in O(n?*/2°(Inn)®) time gs.

6.2 Upper bound on cover time

Let tg = [-2Znlnn]. We prove that whp, for
Gn(n), for any vertex u € V, C,, < to + o(to).

11

Arguing as in (26)

(37) Cu<t+o(l)+ Y > Pr(A,(v)+

veVR s>t

(14+0O(Tmy,)) x

Z <R1J€(1+O(T7ru))tm/Rv + O()\ektﬂ)) .
vev Vg N
v>n3/5

Let t; = (1 4 €)tgp where € = n~1/3 can be assumed
by Lemma 10 to satisfy T'm, = o(e) for all v € V.

If v ¢ Vi, v > n?/® then by Lemmas 16(a) and 17(a),

(38) tl(l + O(Tﬂ—v))ﬂ—v/Rv >
2m dv) m—1
mflnlnn.2mn. ) =lInn.

Plugging (38) into (26) and using R, < 5 (Lemmas
16(b) and 17(b)) and 7, > 5= for allv € V' \ Vp we
get

(39) Cu<ti+10n+o(n)+ Y Y Pr(A,(v))

veVp s>t

It remains to deal with v € Vg,v > n3/®> We first
observe that
(40) Ve| < (Inn)**w? < (wlnn)®

Using Lemma 18 we have

S Y Pr(Aw) <

vEVR s>1t1
(wlnn)> (2nwef(l+o(1))t1/(2n(lnn)2/3) + O(Ae*’\tl/Q))

= o(n).

This completes our proof of the upper bound on cover
time.

6.3 Lower bound on cover time

Done in a similar way to that for regular graphs.
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