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Abstract

We study the cover time of a random walk on the random digraph Dn,p when p =
d logn
n , d > 1. We prove that whp the cover time is asymptotic to d log

(
d
d−1

)
n log n.

1 Introduction

Let D = (V,E) be a strongly connected digraph with |V | = n, and |E| = m. For v ∈ V let Cv
be the expected time taken for a simple random walk Wv = (Wv(t), t = 0, 1, . . .) on D starting
at v, to visit every vertex of D. The cover time CD of D is defined as CD = maxv∈V Cv.

For connected undirected graphs, the cover time is well understood, and has been intensely
studied. It is an old result of Aleliunas, Karp, Lipton, Lovász and Rackoff [2] that CG ≤
2m(n − 1). It was shown by Feige [8], [9], that for any connected graph G, the cover time
satisfies (1 − o(1))n log n ≤ CG ≤ (1 + o(1)) 4

27
n3.1 As an example of a graph achieving the

lower bound, the complete graph Kn has cover time determined by the Coupon Collector
problem. The lollipop graph consisting of a path of length n/3 joined to a clique of size 2n/3
gives the asymptotic upper bound for the cover time.

In a sequence of papers we have investigated the cover time of various classes of random graph.
The main results of these papers can be summarised as follows:

• [4] If p = d log n/n and d > 1 then whp CGn,p ∼ d log
(

d
d−1

)
n log n.
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• [7] Let d > 1 and let x denote the solution in (0, 1) of x = 1− e−dx. Let Xg be the giant

component of Gn,p, p = d/n. Then whp CXg ∼
dx(2−x)

4(dx−log d)
n(log n)2.

• [5] If Gn,r denotes a random r-regular graph on vertex set [n] with r ≥ 3 then whp
CGn,r ∼ r−1

r−2
n log n.

• [6] If Gm denotes a preferential attachment graph of average degree 2m then whp
CGm ∼ 2m

m−1
n log n.

In this paper we turn our attention to random directed graphs. For digraphs, the cover time
is less well understood, and there are strongly connected digraphs with cover time exponential
in n. An example of this is the digraph consisting of a directed cycle (1, 2, ..., n, 1), and edges
(j, 1), from vertices j = 2, ..., n − 1. Starting from vertex 1, the expected time for a random
walk to reach vertex n is 2n − 1.

Let Dn,p be the random digraph with vertex set V = [n] where each possible directed edge
(i, j), i 6= j is included with probability p. It is known that if np = d log n + ω where
ω = (d − 1) log n → ∞ then Dn,p is strongly connected whp. (If ω as defined tends to −∞
then whp Dn,p is not strongly connected). We discuss the covertime of Dn,p for p at or above
the strong connectivity threshold.

Theorem 1. Suppose that np = d log n = log n+γ where γ = (d−1) log n→∞. Then whp

CDn,p ∼ d log

(
d

d− 1

)
n log n.

Note that if d = d(n) →∞ with n then we have CDn,p ∼ n log n.

Our analysis is based on Lemma 3 below, which is proved in its current state in [7]. In order to
apply this lemma we need to have estimates of the stationary distribution π(v), v ∈ V of our
walk and the mixing time. For an undirected graph G, the stationary distribution is trivial, we
just take π(v) = deg(v)/2m where deg denotes degree and m is the number of edges in G. For
strong digraphs where each vertex v has in-degree equal to out-degree (deg−(v) = deg+(v)),
then π(v) = deg+(v)/m. For general digraphs, however, there is no such simple formula, and
the main technical task of this paper is to find good estimates for π in the case of Dn,p. We
summarise our result concerning the steady state as follows:

Theorem 2. Suppose that np = d log n = log n+γ where γ = (d−1) log n→∞. Then whp

πv ∼
deg−(v)

m
∀v ∈ V

where deg−(v) is the in-degree of v and m is the number of edges of Dn,p.
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Note that if d = d(n) → ∞ with n then the steady state distribution is asymptotically
uniform.

Once we know the steady state distribution, it is basically plain sailing. We can plug into the
program from the previously cited papers.

The next section describes Lemma 3. Section 3 deals with estimating the steady state distri-
bution. We then estimate the cover time asymptotically in Section 5.

2 Main Lemma

In this section D denotes a fixed strongly connected digraph with n vertices. A random walk
Wu is started from a vertex u. Let Wu(t) be the vertex reached at step t, let P be the matrix of

transition probabilities of the walk and let P
(t)
u (v) = Pr(Wu(t) = v). We assume the random

walk Wu on G is ergodic with steady state distribution π.

Let
d(t) = max

u,x∈V
|P (t)
u (x)− πx|,

and let T be such that, for t ≥ T

max
u,x∈V

|P (t)
u (x)− πx| ≤ n−3. (1)

Fix two vertices u, v. Considering the walk Wv, starting at v, let rt = Pr(Wv(t) = v) be the
probability that this walk returns to v at step t = 0, 1, ... . Let

RT (z) =
T−1∑
j=0

rjz
j (2)

and

λ =
1

KT
(3)

for some sufficiently large constant K.

An almost identical lemma was first proved in [5]. For t ≥ T let At(v) be the event that Wu

does not visit v in steps T, T + 1, . . . , t.

Lemma 3. Suppose that

(a) For some constant θ > 0, we have

min
|z|≤1+λ

|RT (z)| ≥ θ.
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(b) T 2πv = o(1) and Tπv = Ω(n−2).

Let
pv =

πv
RT (1)(1 +O(Tπv))

, (4)

where RT (1) is from (2).

Then for all t ≥ T ,

Pr(At(v)) =
(1 +O(Tπv))

(1 + pv)t
+ o(e−λt/2). (5)

We will first prove Theorem 1 under

Assumption 1: d− 1 = Ω(1) i.e. d is at least a positive constant strictly larger than one.

3 Estimating the Stationary Distribution

3.1 Two Useful Lemmas

We first give a simple lemma concerning the degree sequence of Dn,p. It can easily be proven
by the use of the first and second moment method. Let deg+ denote out-degree and deg−

denote in-degree.

We deal with two cases. In Case (a) we have d = ω(n) → ∞ and in Case (b) we have d > 1
a fixed constant. In the following lemma there will be two intervals Ia, Ib. We define events

D+(v) = deg+(v) ∈ I,
D−(v) = deg−(v) ∈ I.

Here I = Ia or Ib depending on the context. For a set of vertices S let

D+(S) = ∩v∈SD+(v)

and let D−(S) be defined analogously.

Lemma 4. Let ε1 = ω−1/3, ca = 1− ε1, Ca = 1 + ε1, cb = d′/2 and Cb = d′′ + 1 where d′ < d′′

are the roots of x log(e/x) = 1− log n/np. Then,

(a) If np = ω log n let Ia = [canp, Canp]. Then

Pr

(⋂
v∈V

D+(v) ∩
⋂
v∈V

D−(v)

)
= ρa = 1−O(n−K)

where K > 0 can be arbitrarlily large.
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(b) If np = d log n where d = O(1) let Ib = [cbnp, Cbnp]. Then

1.

Pr

(⋂
v∈V

D+(v) ∩
⋂
v∈V

D−(v)

)
= ρb = 1−O(n−ψ)

where ψ = ψ(d) > 0.

2. For k ∈ Ib there are ≤ 2(nep/k)kn1−d vertices v with deg−(v) = k.

3. Let k∗ = (d − 1) log n. There are ∼ (nep/k∗)k
∗
n1−d = nγd+o(1) vertices v with

deg−(v) = k∗, where γd = (d− 1) log(d/(d− 1)).

Furthermore,

Pr(∃v ∈ V : deg+(v) > 10d log n or deg−(v) > 10d log n) ≤ n−10. (6)

Lemma 5. Let BI denote the binomial random random variable Bin(n − 1, p) |Bin(n−1,p)∈I
2 where I = [cnp, Cnp], where c < 1 < C are constants such that ρ, the probability that
Bin(n− 1, p) ∈ I = 1− o(1/n). For ξ = X, Y, Z let W ξ

0 = 1 and let

WX
t =

B0−θ∑
i=1

AXi
B0

, W Y
t =

B0−θ∑
i=1

AYi
Bi

, WZ
t =

B0−θ∑
i=1

AZi
Bi

+
θ∑
j=1

AZj
cnp

.

where the Bi, i ≥ 0 are independent copies of BI , the Ai, i ≥ 1 are independent copies of W ξ
t−1,

and θ is a fixed non-negative integer. Then for |λ| ≤ M , M > 1, Mt = o(np), sufficiently
large n, and ξ = X, Y, Z,

E(eλW
ξ
t ) ≤ exp

{
λ+

Lξ(5 + θ)|λ|t
cnp

}
, (7)

where LX = 1, LY = LZ = M .

Proof The claim is true for t = 0 and we proceed by induction on t. For WX
t we have

E(eλW
X
t ) = ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−kE

(
exp

{
λWX

t−1

k

})k−θ
≤ ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k exp

{
(k − θ)

(
λ

k
+

(5 + θ)|λ|(t− 1)

kcnp

)}
≤ ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k exp

{
λ+

θ|λ|
cnp

+
(5 + θ)(t− 1)|λ|

cnp

}
≤ ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k exp

{
λ+

(5 + θ)t|λ|
cnp

}
= exp

{
λ+

(5 + θ)t|λ|
cnp

}
2We will use the notation Z |E to denote random variable Z conditioned on the occurrence of the event E
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completing the inductive proof of (7) for WX
t .

For W Y
t we have

E(eλW
Y
t ) = ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k

k−θ∏
i=1

E(eλAi/Bi), (8)

where

E(eλAi/Bi) = ρ−1
∑
l∈I

(
n− 1

l

)
plqn−lE(eλAi/l).

We estimate

ρ−1
∑
l∈I

l−1

(
n− 1

l

)
plqn−1−l ≤ ρ−1

(
1 +

1

cnp

)∑
l∈I

(i+ 1)−1

(
n− 1

l

)
plqn−1−l

=

(
1 +

1

cnp

)
1

np

Pr(Bin(n, p) ∈ I)
Pr(Bin(n− 1, p) ∈ I)

≤
(

1

np
+

1

c(np)2

)(
1 + p

Pr(Bin(n, p) = cnp− 1)

Pr(Bin(n− 1, p) ∈ I)

)
≤ 1

np
+

1

c(np)2
+

1

n2
.

Applying induction, and using ex ≤ 1 + x+ x2 for |x| ≤ 1 we see that,

E(eλAi/Bi) ≤ ρ−1
∑
l∈I

(
n− 1

l

)
plqn−1−l exp

{
λ

l
+
M(5 + θ)|λ|(t− 1)

lcnp

}
≤ ρ−1

∑
l∈I

(
n− 1

l

)
plqn−1−l

(
1 +

1

l

(
λ+

M(5 + θ)(t− 1)|λ|
cnp

)
+

2λ2

l2

)
≤ 1 +

(
λ+

M(5 + θ)(t− 1)|λ|
cnp

+
2λ2

cnp

)(
1

np
+

1

c(np)2
+

1

n2

)
≤ 1 +

λ

np
+
|λ|M((5 + θ)t− (2 + θ))

c(np)2
. (9)

Plugging (9) into (8) we get

E(eλW
Y
t ) ≤ ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k

(
1 +

λ

np
+
|λ|M((5 + θ)t− (2 + θ))

c(np)2

)k−θ
≤ ρ−1

(
1 +

λ

np

)−θ (
1 +

λ

n
+
|λ|M((5 + θ)t− (2 + θ))

cn2p

)n
≤ exp

{
λ+

M(5 + θ)|λ|t
cnp

− |λ|M
cnp

(
(2 + θ)− θc(1 + o(1/np))

M(1− |λ|/np)

)}
≤ exp

{
λ+

M(5 + θ)|λ|t
cnp

}
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which is (7).

For WZ
t we have

E(eλW
Z
t ) = ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k

k−θ∏
i=1

E(eλAi/Bi)
θ∏
j=1

E(eλAj/cnp), (10)

where, as in (9) we have

E(eλAi/Bi) ≤ 1 +
λ

np
+
|λ|M((5 + θ)t− (2 + θ))

c(np)2

and by induction

E(eλAj/cnp) ≤ exp

{
λ

cnp
+
M(5 + θ)|λ|t

(cnp)2

}
.

Plugging into (10) we get

E(eλW
Z
t ) ≤

exp

{
λθ

cnp
+
θM(5 + θ)|λ|t

(cnp)2

}
ρ−1

∑
k∈I

(
n− 1

k

)
pkqn−1−k

(
1 +

λ

np
+
|λ|M((5 + θ)t− (2 + θ))

c(np)2

)k−θ
≤ exp

{
λθ

cnp
+
θM(5 + θ)|λ|t

(cnp)2

}(
1 +

λ

np

)−θ
ρ−1

(
1 +

λ

n
+
|λ|M((5 + θ)t− (2 + θ))

cn2p

)n
≤ exp

{
λ+

M(5 + θ)|λ|t
cnp

− |λ|M
cnp

(
(2 + θ)− 2θ(1 + o(1/np))

M(1− |λ|/np)

)}
≤ exp

{
λ+

M(5 + θ)|λ|t
cnp

}
which is (7). 2

We will apply Lemma 5 as follows. It follows from (7) that E(eMWt) ≤ eM+γM and E(e−MWt) ≤
e−M+γM . So, by the Markov Inequality,

Pr(Wt ≤ 1− A) ≤ e−M(A−γ) (11)

Pr(Wt ≥ 1 +B) ≤ e−M(B−γ). (12)

In the following we approximate the stationary distribution π as follows: Iterating the equation
π = πP , k times gives π = πP k. For fixed y this gives πy =

∑
x∈V πxP

(k)
x (y). By bounding

P
(k)
x (y) from above and below by values independent of x, i.e. P

(k)
x (y) ∼ θy we obtain πy ∼ θy.
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3.2 Lower Bounds on the stationary distribution

To bound P
(k)
x (y) from below, we consider random walks between x and y consisting of simple

directed (x, y)-paths of length k. There are three cases;
Case I: np = d log n, where d ≥ 1 constant or d = ω →∞ and ω ≤ n3/10.
Case II: n3/10 ≤ ω ≤ n3/5.
Case III: ω ≥ n3/5.

Most of the work is involved in the proof of the first case.

Lemma 6. There exists an integer s = O(lognp n) such that whp for all x, y ∈ V ,

P (s)
x (y) ≥ (1− o(1))

deg−(y)

m
for all v ∈ V,

where m is the number of edges in Dn,p.

Proof
Case I: Let

` =

⌊
2

3
lognp n

⌋
. (13)

Fix x ∈ V and using Breadth First Search construct the sets X0 = {x} , X1, . . . , X` where
Xi+1 = N+(Xi) \ (X0 ∪ · · · ∪Xi) for 0 ≤ i < `. Here N+(S) is the set of out-neighbours of set
S.

Let X =
⋃`
i=0Xi and let TX denote the BFS tree constructed in this manner. If w ∈ Xi+1 is

the out-neighbour of more than one vertex of Xi, we only keep the first edge into w for TX .

Given X and y, (y = x is allowed) we define Y0 = {y} , Y1, . . . , Y` where Yi+1 = N−(Yi) \ (X ∪
Y0 ∪ · · · ∪ Yi) for 0 ≤ i < `. If w ∈ Yi−1 is the in-neighbour of more than one vertex of Yi,
we only keep the first edge into w for TY . Let Y =

⋃`
i=0 Yi and let TY denote the BFS tree

constructed in this manner.

Observe that

D+
1 = D+

(
`−1⋃
i=0

Xi

)
implies |X| ≤ (Cnp)` ≤ n2/3+o(1). (14)

D−
1 = D−

(
`−1⋃
i=0

Yi

)
implies |Y | ≤ (Cnp)` ≤ n2/3+o(1). (15)

For u ∈ Xi let Pu denote the path from x to u in TX and

αi,u =
∏
w∈Pu
w 6=u

1

deg+(w)
≤ Pr(Wx(i) = u)
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and for v ∈ Yi let Qv denote the path from v to y in TY and

βi,v =
∏
w∈Qv
w 6=y

1

deg+(w)
≤ Pr(Wv(i) = y). (16)

Given Dn,p we have

P (2`+1)
x (y) ≥ Z = Z(x, y) =

∑
u∈X`
v∈Y`

α`,uβ`,v
1uv

deg+(u)
(17)

where 1uv is the indicator for the existence of the edge (u, v) and we take 1uv

deg+(u)
= 0 if

deg+(u) = 0.

Let C = C(x, y) denote Xi, Yi, 0 ≤ i ≤ ` and the collection of edge sets (Xi−1 : Xi), 1 ≤ i ≤ `
in TX (resp. (Yi : Yi−1), 1 ≤ i ≤ ` in TY ). Now,

E

(
1uv

deg+(u)

∣∣∣∣ C) =
n−1∑
k=0

(
n− 1

k

)
pk(1− p)n−1−k k

n− 1

1

k
∼ 1

n− 1
.

(We are using the convention 0
0

= 0 for this expression.)

We therefore have,

E(Z | C) =
(1 + o(1))

n

(∑
u∈X`

α`,u

)(∑
v∈Y`

β`,v

)
. (18)

We will show next that for some εX , εY = o(1),

Pr

(∑
u∈X`

α`,u < 1− εX

∣∣∣∣D+
1 ,D−

1

)
= o(n−2), (19)

Pr

(∑
v∈Y`

β`,v < (1− εY )
deg−(y)

m

∣∣∣∣D+
1 ,D−

1

)
= o(n−2). (20)

Let

εX =
1

log log log n
.

Now for each v ∈ Xi and j > i there is a unique path v = vi, vi+1, . . . , vj from v to Xj in TX .
For such a path, let

γi,j;v,vj
=

j−1∏
k=i

1

deg+(vk)
.
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Now consider the equation∑
u∈X`

α`,u =
∑
u∈X`

γ0,`;x,u =
∑

w∈N+
D(x)

∑
u∈X`,w

γ1,`;w,u

deg+(x)
(21)

where X`,w = {u ∈ X` : the path from x to u in TX goes through w ∈ X1} and N±
D (x) is the

set of in/out-neighbours of x in TX .

This leads us to claim that given D+
1 ,∑

u∈X`

γ0,`;x,u (and hence
∑
u∈X`

α`,u) dominates the random variable ŴX
` defined below. (22)

Let ν = n− n2/3+o(1) (see (14)). Let ŴX
0 = 1 and let

ŴX
t =

B0−B′
0∑

i=1

Ai
B0

where (i) B0 has the distribution BI , (ii) B′
0 is the number of successes for B0 in the first

n2/3+o(1) trials (o(1) as in (14)) and (iii) the Ai are independent copies of ŴX
t−1.

We can use induction to verify (22): Going back to (21), given D+
1 , deg+(x) is distributed

as B0 and γ`,1;w,u dominates ŴX
`−1. We sum from 1 to B0 − B′

0 in order to account for the
out-neighbours of u ∈ X`−t, 1 ≤ t < ` that are in X0 ∪X1 ∪ · · ·X`−t. We rely here on the tree
structure and the fact that our BFS construction of TX only checks edges of the form (a, b)
where b has not yet been placed in X to give us the claimed independence.

Note that
Pr(B′

0 ≥ 100) ≤ ρ−1(n2/3+o(1))100p100 ≤ n−20. (23)

In generating ŴX
` we will qs3 sample B′

0 at most o(n2) times and so if WX
t is defined as in

Lemma 5 with θ = 100 then
Pr(WX

` ≥ ŴX
` ) = o(n−2).

Thus for any value σ,

Pr

(∑
u∈X`

α`,u ≥ σ | D+
1

)
≥ Pr(WX

` ≥ σ)− o(n−2). (24)

3An event En occurs quite surely (qs) if Pr(¬En) = O(n−K) for any constant K > 0.
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Using (11) with M = 10/(εXc) we have

Pr

(∑
u∈X`

α`,u ≤ 1− εX/2

∣∣∣∣D+
1

)
≤ Pr(WX

` ≤ 1− εX/2) + o(n−2)

≤ ρ−1
∑
k∈I

(
n− 1

k

)
pkqn−1−kPr

(
k−100∑
i=1

Ai ≤ k(1− εX/2)

)
+ o(n−2)

≤ ρ−1
∑
k∈I

(
n− 1

k

)
pkqn−1−k exp

{
−Mk

((
1− 105(`− 1)

cnp

)
(1− 100/k)− (1− εX/2)

)}
+ o(n−2)

≤ ρ−1
∑
k∈I

(
n− 1

k

)
pkqn−1−ke−MεXk/3 + o(n−2)

≤ n−3ρ−1
∑
k∈I

(
n− 1

k

)
pkqn−1−k + o(n−2)

= o(n−2).

This completes the proof of (19). We can add the extra conditioning on D− by writing

Pr(

(∑
u∈X`

α`,u < 1− εX

∣∣∣∣D+
1 ,D−

1

)
≤ (1 + o(1))Pr

(∑
u∈X`

α`,u < 1− εX

∣∣∣∣D+
1

)
.

The above inequality holds because of the first of the following simple inequalities: They will
only be used for cases where Pr(B),Pr(C) = 1− o(1).

Pr(A | B,C) ≤ Pr(A | B)
Pr(B)

Pr(BC)
. (25)

Pr(A | B) ≤ Pr(A | B,C) + Pr(¬C | B). (26)

We next consider the proof of (20). Now for each v ∈ Yi and j < i with unique path
v = vi, vi−1, . . . , vj from v to Yj in TY , let

γi,j;v,vj
=

i−1∏
k=j

1

deg+(vk)
.

Consider the equation ∑
v∈Y`

β`,v =
∑
v∈Y`

γ`,0;v,y =
∑
w∈Y1

∑
v∈Y`,w

γ`,1;v,w
deg+(w)

(27)

where Y`,w = {v ∈ Y` : the path from v to y in TY goes through w ∈ Y1}.
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This leads us to claim that given D−
1 ,D+

1 ,∑
v∈Y`

γ`,0;v,y (and hence
∑
v∈Y`

β`,v) dominates the random variable Ŵ Y
` (28)

which is defined as follows: Let Ŵ Y
0 = 1 and for 1 ≤ t ≤ `,

Ŵ Y
t =

B0−B′
0∑

i=1

Ai
Bi

, (29)

where (i) B0 has the distribution BI , (ii) B′
0 is the number of successes for B0 in the first

n2/3+o(1) trials (see (14),(15)), (iii) Bi, i = 1, 2, . . . B0 − B′
0 are independent with distribution

BI , and (iii) the Ai are independent copies of Ŵ Y
t−1.

We can use induction to verify (28): Going back to (27) we see that given D−
1 ∩ D+

1 we have

|Y1| dominating B0 − B′
0. Then deg+(w) is distributed as BI and γ`,1;v,w dominates Ŵ Y

`−1.
B′

0 accounts for in-neighbours of u ∈ Y`−t that are in X ∪ Y0 ∪ · · · ∪ Y`−t. To justify the
independence of the Bi, given D−

1 ∩ D+
1 , we observe that given Y0, Y1, . . . , Y`−t,D−

1 ,D+
1 , the

out-degrees of the vertices in Y`−t−1 are independent and distributed as BI .

We can replace B′
0 by 100 as we did for WX . In the case where np = d log n, d constant,

we make the following adjustment. Let ζ = 1/ log log n and let a vertex y be normal if
at most ζ0 = d4/(ζ3d)e of its in-neighbours have out-degrees which are not in the range
[(1− ζ)np, (1 + ζ)np]. Now

Pr(∃ a vertex which is not normal | D+
1 ,D−

1 ) ≤ n

Cbnp∑
s=cbnp

(
s

ζ0

)
(2e−ζ

2np/3)ζ0 = O(n− log logn).

(30)
Let N (y) be the event that every vertex is normal.

We continue by proving, that

Pr

(∑
v∈Y`

β`,v ≤ (1− εY )
deg−(y)

np

∣∣∣∣ D−
1 ,D+

1

)
= o(n−2), (31)

where εY is defined below.

Note that deg−(y)−|Y`| is dominated by Bin(n2/3+o(1), p) and so with probability 1−O(n−3)
we have deg−(y) ≤ |Y`|+ 100.

For np = d log n, d constant, let εY = 2ζ and M = 10/(εY c). For np = ω log n, ω → ∞ let

12



εY = 1/ω1/3 and M = 1. Then, with d−y = deg−(y) and d0 = cnp− ζ0 − 100,

Pr

(∑
v∈Y`

β`,v ≤ (1− εY )
d−y
np

∣∣∣∣D−
1 ,D+

1

)

≤ Pr

(∑
v∈Y`

β`,v ≤ (1− εY )
d−y
np

∣∣∣∣D−
1 ,D+

1 ,N (y)

)
+ Pr(¬N (y) | D−

1 ,D+
1 ) see (26)

≤ Pr

d−y −ζ0−100∑
i=1

Ai
(1 + ζ)np

≤ (1− εY )
d−y
np

+ o(n−2)

≤ Pr

d−y −ζ0−100∑
i=1

Ai ≤ (1− εY /2)d−y

+ o(n−2)

≤ exp

{
−Md0

((
1− 105M(`− 1)

cnp

)
(1− ζ0/d0)− (1− εY /2)

)}
+ o(n−2)

≤ 2e−MεY d0/3

= o(n−2).

This completes the proof of (20)

We now consider the concentration of Z |C.

For u ∈ X`, and |Y`| = n2/3+o(1), from (23) we have,

Pr(|N+(u) ∩ Y`| ≥ 100 | D−
1 ,D+

1 ) ≤ 2n−20.

We write Z =
∑

u∈X`
Zu where

Zu =
α`,u

deg+(u)

∑
v∈Y`

β`,v1uv.

Conditional on D−
1 ,D+

1 and |N+(u) ∩ Y`| ≤ 100 we have Zu ≤ 100/(cnp)2`+1. Let Ẑu =

(cnp)2`+1Zu/100, then for u ∈ X` the Ẑu are independent random variables, and 0 ≤ Ẑu ≤ 1.

Let Ẑ =
∑

u∈X`
Ẑu and note that

E(Ẑ) ≥ (cnp)2`+1

100n
(1− εX)(1− εY )− 2n−18 ≥ n1/3−o(1).

By Hoeffding’s inequality we see that,

Pr(|Ẑ − E(Ẑ)| ≥ 4(npE(Ẑ))1/2) = o(n−4)

and hence that

Pr(|Z − E(Z)| ≥ 400(npE(Ẑ))1/2/(cnp)2`+1) = o(n−4).

13



Now
400
√
npE( bZ)

(cnp)2`+1 = O
(

1
n7/6+o(1)

)
and so this implies that

Pr

(
|Z − E(Z)| = O

(
1

n7/6+o(1)

) ∣∣∣∣ D−
1 ,D+

1

)
= 1− o(n−4). (32)

It then follows from (18), (19) and (20) that

Pr

(
Z ≤ (1− o(1))

deg−(y)

m

∣∣∣∣ D−
1 ,D+

1

)
= o(n−2). (33)

Now let D+ be the intersection of the events D+
1 as x varies and let D− be the intersection of

the events D−
1 as y varies. We note that Pr(D+,D−) = 1 − o(1). Furthermore, for any pair

x, y,

Pr

(
Z ≤ (1− o(1))

deg−(y)

m

∣∣∣∣ D−,D+

)
≤ Pr

(
Z ≤ (1− o(1))

deg−(y)

m

∣∣∣∣ D−
1 ,D+

1

)
Pr(D−

1 ,D+
1 )

Pr(D−,D+)

= o(n−2).

So,

Pr

(
P (2`+1)
x (y) ≥ (1− o(1))

deg−(y)

m
, ∀x, y

∣∣∣∣ D−,D+

)
= 1− o(1)

and

Pr

(
P (2`+1)
x (y) ≥ (1− o(1))

deg−(y)

m
, ∀x, y

)
= 1− o(1). (34)

Case II: Fix x, y ∈ V . x will qs have ∼ np out-neighbours X+ and y will qs have ∼ np
in-neighbours Y− and qs |X+∩Y−| ∼ np2. Given this, the Chernoff bound shows that qs there
are at least (1− o(1))n2p3 paths of length three joining x to y. Therefore, for any x, y ∈ V ,

P (3)
x (y) ≥ (1− o(1))

n2p3

(np)3
=

1− o(1)

n

and we can proceed as we did for the previous case from (34).

Case III: ω ≥ n3/5. We use a similar argument to the previous case. We now use the fact
that qs there are at least ∼ np2 paths of length two from x to y.

This completes the proof of Lemma 6. 2

Lemma 7.

πv ≥ (1− o(1))
deg−(v)

m
for all v ∈ V,

14



Proof It follows from Lemma 6 that whp, that for any y ∈ V we have

πy =
∑
x∈V

πxP
(s)
x (y) ≥ (1− o(1))

deg−(y)

m

∑
x∈V

πx = (1− o(1))
deg−(y)

m
. (35)

2

At this point we have proved that the expression in Theorem 2 is a lower bound for the steady
state.

3.3 Upper Bounds on the stationary distribution

Lemma 8. There exists an integer s = O(lognp n) such that whp for all x, y ∈ V ,

P (s)
x (y) ≤ (1 + o(1))

deg−(y)

m
for all v ∈ V,

where m is the number of edges in Dn,p.

The proof of Lemma 8 will also be split into (two) cases and each requires a sequence of
lemmas.

Case I: np ≤ nδ where 0 < δ � η � 1 are positive constants.

We will use the following values: Here Λ = lognp n.

`0 = (1 + η)Λ, `1 = (1− 10η)Λ, `2 = 11ηΛ,
`3 = (1− η/10)Λ, `4 = ηΛ/20, `5 = 9ηΛ/10.

Given a fixed x, y we will grow TX from x to a depth `1 and TY into y to a depth `2. We
re-define D+

1 ,D−
1 to fit these new specifications.

We begin with a lemma that will help simplify our calculations.

Lemma 9. Suppose that np ≤ nδ where δ � 1. Then whp S ⊆ V, |S| ≤ s0 = 1
2
lognp n

implies that S contains at most |S| edges.

Proof The expected number of sets S with more than |S| edges can be bounded by

s0∑
s=3

(
n

s

)(
s2

s+ 1

)
ps+1 ≤

s0∑
s=3

(e2np)ssep = o(1).

2
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Fix x, y and let Xi, 0 ≤ i ≤ `3 be the set of vertices that are reachable from x by a walk
of length i. These sets are slightly larger than the Xi of Lemma 6 in that we allow them to
overlap. Let

X∗ = X∗(x) =

`3⋃
i=0

Xi.

For 1 ≤ i ≤ `1 let

X̃i =

{
a ∈ Xi \

i−1⋃
k=0

Xk : ∃b ∈ Xj and j ≤ i such that (a, b) is an edge

}

and let X̃ =
⋃`1
i=`4

X̃i. Let

La = {6 ∃z ∈ X∗ : z has > 100/η in− neighbours in X∗}

Lb =
{
6 ∃0 ≤ i ≤ `1 : |X̃i| > n2δ−10η(Cnp)i +O(log n)

}
Lemma 10.

(a)
Pr(¬La | D+

1 ) = O(n−9).

(b)
Pr(¬Lb | D+

1 ) = O(n−9).

Proof
(a) Let ζ be the number of in-neighbours of z in

⋃`3
i=1Xi. ζ |D+

1
is stochastically dominated

by 1 +Bin((Cnp)`3 , p) |D+
1
. Hence if r + 1 = 100/η,

Pr(ζ ≥ r + 1 | D+
1 ) ≤ (1 + o(1))(Cnp)r`3pr ≤ 2nr(δ−η/10) ≤ n−9.

Part (a) of the lemma follows.

(b) Given D+
1 and `1 ≤ `3 we see that |X̃i| is dominated by Bin(n1−10η+o(1)(Cnp)i, p) |D+

1
and

the result follows from Chernoff bounds. 2

We say that a vertex z ∈ Xi, i ≤ `4 is special if it has two in-neighbours in
⋃
j<iXj or if it has

x as an out-neighbour. It follows from Lemma 9 that whp there can be at most one special
vertex for a given x. Denote it by ξx if it exists and put ξx = n+1 if x does not have a special
vertex.

For u ∈ X`1 we let

αu,`1 = Pr(Wx(`1) = u and Wx does not use ξx),

16



where of course ∑
u∈X

αu,`1 ≤ 1. (36)

Now define Y0 = {y} , Y1, . . . , Y`2 where Yi+1 = N−(Yi) \ (Y0 ∪ · · · ∪ Yi) for 0 ≤ i < `2. (This
time we allow Yi ∩X 6= ∅).

Now define the BFS tree TY as we did in the proof of Lemma 6 (i.e. by only keeping the first
edge placing a vertex into a Yi). Then define the βi,v as we did in (16). We will estimate

P `0+1
x (y) ≤ Z`0+1

x (y) +Q`0+1
x (y) +R`0+1

x (y) + S`0+1
x (y) (37)

where

•
Z = Z`0+1

x (y) =
∑
u∈X`1
v∈Y`2

\X

α`1,uβ`2,v
1uv

deg+(u)
(38)

is the probability that Wx(`0 + 1) = y and the walk does not go through ξx and the
(`1 + 1)th edge (u, v) is such that v ∈ Y`2 \ X and the last `2 vertices of the walk use
edges of the tree TY .

• Q`0+1
x (y) is the probability that Wx(`0 + 1) = y and the (`1 + 1)th edge (u, v) is such

that v ∈ Y`2 ∩X and the last `2 vertices of the walk use edges of the tree TY .

• R`0+1
x (y) is the probability that Wx(`0 + 1) = y and the last `2 vertices of the walk use

an edge which is not part of the tree TY .

• S`0+1
x (y) is the probability that Wx(`0 + 1) = y and the walk goes through ξx.

We first deal with Z, as defined in (38). For this we bound
∑

v∈Y`2
β`2,v stochastically from

above by WZ
`2

(see Lemma 5). We will condition on D+
1 ,D−

1 ,N (y),La. The first summation in
the definition of WZ

t accounts for the edges into v ∈ Y`2−t \X. The second summation comes
from vertices in Y`2−t ∩X. For such a vertex v ∈ X, the construction of X has exposed some
edges into v. But by La implies that this is bounded by 100/η. Thus we take θ = 100/η in
the definition of WZ

t . The denominator cnp for the terms of the second summation is a lower
bound on the out-degree of in-neighbours of v in X. We have to use a lower bound, since the
out-neighbours of these in-neighbours have been exposed.

17



Observe now that with εZ = 1/ log log n and ζ = εZ/3 and M = 10/(εZc) ,

Pr

∑
v∈Y`2

β`2,v ≥ (1 + εZ)
s

np

∣∣∣∣D+
1 ,D−

1

 , s = deg−(y)

≤ Pr

∑
v∈Y`2

β`2,v ≥ (1 + εZ)
s

np

∣∣∣∣D+
1 ,D−

1 ,N (y),La

+

Pr(¬N (y) | D+
1 ,D−

1 ) + Pr(¬La | D+
1 )

Pr(D+
1 )

Pr(D+
1 ,D−

1 )
(39)

≤ 2Pr

(
s−ζ0−θ∑
i=1

Ai
(1− ζ)np

+
s∑

i=s−ζ0−θ+1

Ai
cnp

≥ (1 + εZ)
s

np

)
+ o(n−2) (40)

≤ 2E

(
exp

{
M

((
s− ζ0 − θ

1− ζ
+
ζ0 + θ

c

)(
1 +

M(5 + θ)`2
cnp

)
− (1 + εZ)s

)})
+ o(n−2)

(41)

≤ 2e−MεZcnp/2 + o(n−2)

= o(n−2). (42)

Note that in going from (40) to (41) we are applying Lemma 5 to each individual Ai and then
using their independence to deal with the sum.

Using the Hoeffding inequality, we see as in (32), (33) that

Pr

(
Z ≥ (1 + o(1))

d−(y)

m

∣∣∣∣D+
1 ,D−

1

)
= o(n−2). (43)

We deal next with the expression Q`0+1
x (y).

We claim that

Pr

(
Q`0+1
x (y) ≥

(
100

η

)`1 1

(cnp)`0

`1∑
l=0

`1−l+1∑
κ=1

|N+
κ (X̃l) ∩ Y |

∣∣∣∣D+
1 ,D−

1

)
= o(n−2). (44)

where N+
κ (S) is the set of vertices that are reachable from S by a walk of length κ.

To see this, suppose that W = (x = u`1 , . . . , u1, u0, v, . . . , y) is a walk that contributes to
Q`0+1
x (y). Here we have uj ∈ X`1−j for 0 ≤ j ≤ `1 and and v ∈ Xi ∩ Y for some 0 ≤ i ≤ `1.

There may be a choice for the index i such that v ∈ Xi, in which case we choose i as small
as possible, i.e. i = min {r : v ∈ Xr}. We show next that v ∈ N+

κ (X̃l) where 0 ≤ l ≤ `1 and
l + κ ≤ `1 + 1.

Define k ≥ 0 by uj ∈ Xi−1−j for 0 ≤ j < k and either (i) uk /∈ Xi−1−k or (ii) k = i − 1 and
uk = x.

18



Assume first that k is defined through case (i). It follows that uk /∈ Xs for any s < i− k − 1.
Otherwise we have v ∈ Xs+k+1 and we could have chosen a smaller i. Now define l = min{j :
uk ∈ Xj}. We must have i − k ≤ l ≤ `1 − k and we also have uk−1 ∈ Xi−k, where uk−1 = v
if k = 0. The existence of the edge (uk, uk−1) implies that uk ∈ X̃l and hence v ∈ N+

k+1(X̃l).
We now take κ = k + 1.

Now suppose that k is defined through case (ii). Since x 6= uk+1 ∈ Xs implies v ∈ Xs+k+2 we
know that l = min{j : uk+1 ∈ Xj} > 0 satisfies i−2−k ≤ l ≤ `1−k−2. The existence of the
edge (uk+1, x = uk) implies that uk+1 ∈ X̃l and hence v ∈ N+

k+2(X̃l). We now take κ = k + 2.

At this point we have bounded the number of choices for v. This also bounds the number
of walks contributing to Q`0+1

x (y) since for such walks, there is a unique path from v to y in
TY . We use the term (100/η)`1 to bound the number of walks that can use v. It comes from
additionally conditioning on La. This adds o(n−2) to our probability estimate, see (39). This
term is then an upper bound on the number of walks W going through a fixed v. (There is
a unique path from v to y using the edges of TY ). The term 1/(cnp)`0 is an upper bound on
the probability of this walk being taken. This completes the verification of (44).

We show that

Pr

(
`1∑
i=0

`1−i+1∑
j=1

|N+
j (X̃i) ∩ Y | > nη/2

∣∣∣∣D+
1 ,D−

1

)
= o(n−2). (45)

In which case we have

Pr(Q`0+1
x (y) ≥ n−1−η/2+o(1) | D+

1 ,D−
1 ) = o(n−2). (46)

For (45) we let Σ1 =
∑
|N+

j (X̃i) ∩ Y | and write for any t ≥ 0,

Pr(Σ1 ≥ t | D+
1 ,D−

1 ) ≤ Pr(Σ1 ≥ t | D+
1 ,D−

1 ,La) + Pr(¬La | D+
1 )

Pr(D+
1 )

Pr(D+
1 ,D−

1 )
. (47)

Now let Σ2 be a bound on the number of vertices in Y that have an in-neighbour in X̃. Given,
La, we can then bound Σ1 by (100/η)`2Σ2. Thus,

Pr(Σ1 ≥ t | D+
1 ,D−

1 ,La) ≤ Pr(Σ2 ≥ (100/η)−`2t | D+
1 ,D−

1 ,La). (48)

For a bound we use Σ2 = Σ3 + Σ4 where Σ3 is the number of vertices in Y that have an
in-neighbour in X̃ ∩ Y and Σ4 is the number of edges from X̃ \ Y to Y \ X̃.

Let D̂−
1 be the event

{
deg−(v) ≤ Cnp

}
for v ∈ Y i.e. drop the lower bound on the deg−(v)

in order to make a monotone decreasing event. Then given, La,Lb, D̂−
1 we see that Σ3 is

stochastically dominated by (100/η)`2 times

Bin

(
2(Cnp)`2 , p

`1∑
i=0

((Cnp)in2δ−10η +O(log n))

)
. (49)
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We use D̂−
1 in place of D−

1 so that we can appeal to the FKG inequality here. It follows that

Pr(Σ3 ≥ nδ | D̂−
1 ,La,Lb) ≤ n−10, say.

We next observe that given Lb,D−
1 , Σ4 is dominated by (49). It follows that

Pr(Σ2 ≥ 2nδ | D̂−
1 ,La,Lb) ≤ n−10.

From (25) we have

Pr(Σ2 ≥ 2nδ | D+
1 ,D−

1 ,La,Lb) ≤ n−10 Pr(D̂−
1 ,La,Lb)

Pr(D+
1 ,D−

1 ,La,Lb)
≤ 2n−10.

From (26) we deduce that

Pr(Σ2 ≥ 2nδ | D+
1 ,D−

1 ,La) ≤ 2n−10 + Pr(¬Lb | D+
1 ,D−

1 ,La) = O(n−9).

Going back to (47) we see that

Pr(Σ1 ≥ nδ+o(1) | D+
1 ,D−

1 ,La) = O(n−9). (50)

Equation (45) follows from (46) and (50).

We deal next with R`0+1
x (y). Observe that Lemma 9 implies indirectly that whp the set Y

contains at most |Y | edges and that there is at most one edge e = (uy, vy) that is contained
in Y and is not part of TY . If Y contained more than |Y |+ 1 edges then it would contain two
distinct cycles C1, C2. In which case, C1, C2 and the shortest (semi-)path joining them in Y
would violate the condition of the lemma. Here a semi-path is a path if orientation is ignored.

We must have uy ∈ Yi, vy ∈ Yj for some 0 6= j ≥ i− 1. Otherwise (uy, vy) ∈ TY .

Suppose first that j ≥ `5. Then conditional on the occurrence of La,D−
1 there are certainly

less than (Cnp)
η
5

lognp n×(100/η)`3 walks contributing to R`0+1
x (y). The first term in this factor

is the number of walks of length at most η
5
lognp n that start in X∗ and end at vy and the

second factor bounds the number of walks of length at most `3 that start at x and end at the
starting point of such a walk. Thus under these circumstances,

R`0+1
x (y) ≤ (Cnp)

η
5

lognp n × (100/η)`3

(cnp)(1+η) lognp n
≤ n−1−η/2. (51)

Remark 1. We can summarise part of what we have proved so far as, that if x, y are such
that (i) there are no special vertices and (ii) there are no extra edges within `5 of y and if

D+
1 ,D−

1 ,La,Lb occur, then with probability 1− o(n−2), P `0+1
x (y) = (1 + o(1))deg−(y)

m
.

Suppose then that ξy = vy if vy exists and is within `5 of y. Let `x be the distance from x
to ξx if ξx exists, and `x = 0 otherwise. Let `y be the distance from ξy to y if ξy exists, and
`y = 0 otherwise. We have from Remark 1, that

Pr

(
P `6
ξx

(ξy) = (1 + o(1))
deg−(ξy)

m
| D+

1 ,D−
1 ,La,Lb

)
= 1− o(n−2).
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where `6 = `0 + 1 − `x − `y. This is because `6 ≥ (1 + η
20

) lognp n and we can repeat the
arguments above with ξx, ξy replacing x, y and with a smaller value of η. This assumes that
the high probability event L9 described in Lemma 9 occurs. In which case there is no edge
(uξy , vξy) to deal with.

We write
R`0+1
x (y) + S`0+1

x (y) ≤ A1 + A2 + A3

where

• A1 is the probability that Wx goes to y through ξx and ξy.

• A2 is the probability that Wx goes to y through ξx and not through ξy.

• A3 is the probability that Wx goes to y through ξy and not through ξx.

A1 = 0 if one of ξx, ξy does not exist etcetera. Also, conditional on D+
1 ,D−

1 , we have

Pr(Wx(`x) = ξx) = O(1/np) and Pr(Wξy(`y) = y) = O(1/np). (52)

So

A1 = Pr(Wx(`x) = ξx)P
`6
ξx

(ξy)Pr(Wξy(`y) = y) assuming ξx, ξy exist

≤ (1 + o(1))Pr(Wx(`x) = ξx)Pr(Wξy(`y) = y)
Cnp

m

= o

(
deg−(y)

m

)
.

A2 ≤ Pr(Wx(`x) = ξx)
Cnp

m
assuming ξx exists

= o

(
deg−(y)

m

)
.

A3 ≤ Cnp

m
Pr(Wξy(`y) = ξx) assuming ξy exists

= o

(
deg−(y)

m

)
.

Hence,
Pr(R`0+1

x (y) + S`0+1
x (y) = o(1/n) | D+

1 ,D−
1 ,La,Lb) = 1 + o(n−2). (53)

Removing conditioning as done previously, it follows from equations (43), (46), (51) and (53)
that

P `0+1
x (y) ≤ (1 + o(1))

deg−(y)

m
for all x, y ∈ V.
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This completes the proof for Case I of Lemma 8.

Case II: np ≥ nδ.

We can deal with this case by using a concentration inequality (54) from Kim and Vu [11]:
Let Υ = (W,E) be a hypergraph where e ∈ E implies that |e| ≤ s. Let

Z =
∑
e∈E

we
∏
i∈e

zi

where the we, e ∈ E are positive reals and the zi, i ∈ W are independent random variables
taking values in [0, 1]. For A ⊆ W, |A| ≤ s let

ZA =
∑
e∈E
e⊇A

we
∏
i∈e\A

zi.

Let MA = E(ZA) and Mj(Z) = maxA,|A|≥jMA for j = 0, 1. There exist positive constants a
and b such that for any λ > 0,

Pr(|Z − E(Z)| ≥ aλ
√
M0M1) ≤ be−λ. (54)

For us, W will be the set of edges of ~Kn the complete digraph on n vertices. E will be the set
of sets of edges in walks of length s = d2/δe between two fixed vertices x and y in ~Kn, and
we = 1. Z will be the number of walks that are in Dn,p. In which case we have

(n)s−1p
s ≤ E(Z) ≤ (1 + o(1))ns−1ps

M0 = E(Z)

M1 ≤ (1 + o(1))ns−2ps−1 = (1 + o(1))M0/np.

Applying Theorem 54 with λ = (s+ 2) log n we see that for any x, y we have

Pr(Z ≥ E(Z) +O((log n)sE(Z)n−δ/2)) ≤ O(n−3).

Thus whp

P s
x(y) ≤ (1 + o(1))

ns−1ps

((1− ε1)np)s
=

1 + o(1)

n
∀x, y ∈ V.

This completes the proof of Lemma 6. 2

We can now give an upper bound complementing that in Lemma 6.

Lemma 11.

πv ≤ (1 + o(1))
deg−(v)

m
for all v ∈ V,

Proof It follows from Lemma 8 that whp, that for any y ∈ V we have

πy =
∑
x∈V

πxP
(s)
x (y) ≤ (1 + o(1))

deg−(y)

m

∑
x∈V

πx = (1 + o(1))
deg−(y)

m
. (55)

2

This completes the proof of Theorem 2. 2
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3.4 Removing Assumption 1

We will assume now that
1 + o(1) ≤ d ≤ 2.

We now need to prove some additional lemmas. Let a vertex be small if it has in-degree or
out-degree at most log n/20 and large otherwise.

Lemma 12.

(a) Whp there are fewer than n1/5 small vertices.

(b) Whp every pair of small vertices are at least distance `10 = logn
10 log logn

apart.

(c) Whp there does not exist a vertex v with max
{
deg+(v), deg−(v)

}
≤ log n/20.

(d) Whp ∑
z∈N−(y)

deg−(z)

deg+(z)
= (1 + o(1))deg−(y) for all small y.

Proof
(a) The expected number of small vertices is at most

n

logn/20∑
k=0

(
n− 1

k

)
pkqn−1−k = O(n.1998).

Part (a) now follows from the Markov inequality.

(b) The expected number of pairs of vertices at distance `10 or less is at most

n2

`10∑
k=0

nkpk+1

2

logn/20∑
l=0

(
n− 1

l

)
pl(1− p)n−1−l

2

=

O(n(d log n)`10+1(20ed)logn/10n−2d) = O(n · n1/10+o(1) · n1/2 · n−2) = o(1).

(c) The expected number of vertices with small out- and in-degree is O(n1−2×.8002) = o(1).

(d) We let ε = 1
log logn

and for k =∈ [log n/20] we let

λk =

{
1 1 ≤ k ≤ logn

(log logn)4

(log log n)4 logn
(log logn)4

≤ k ≤ logn
20

.
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Then the probability that there exists a vertex of in-degree k ∈ [log n/20] with λk in-
neighbours, one of whose degrees is outside (1± ε)np, is bounded by

logn/20∑
k=1

n

(
n− 1

k

)
pkqn−1−k

(
k

λk

)
(2e−ε

2np/3)λk ≤
logn/20∑
k=1

2n1−d
(
nep

k
· e
λk

· n−ε2dλk/(3k)

)k
= o(1).

Now assume that there are fewer than λk neighbours of v, one of whose degrees is outside
(1± ε)np. Then, assuming no neighbours of v are small,

∑
z∈N−(y)

deg−(z)

deg+(z)
=

{
(1 +O(ε))k 1 ≤ k ≤ logn

(log logn)4

(1 +O(ε))(k − λk) +O(λk)
logn

(log logn)4
≤ k ≤ logn

20

.

This completes the proof of the lemma. 2

Let a cycle of the underlying graph of Dn,p be called a weak cycle. Let weak distance refer to
distance in this graph.

Lemma 13. Whp there does not exist a small vertex that is within weak distance `10 of a
weak cycle C of length at most `10.

Proof The probability that such a pair v, C exist is at most

`10∑
i=3

(2np)ii

`10∑
j=0

(np)j

2

logn/20∑
l=0

(
n− 1

l

)
pl(1− p)n−1−l


= O(n1/10+o(1) · n1/10+o(1) · n−4/5+o(1)) = o(1).

Here i = |C| and j is the weak distance of v from C. 2

3.4.1 Lower bound on steady state

For this we proceed as in Section 3.2 but initially restrict our anaylsis to large x, y. Also,
we do not include the small vertices when creating the Xi, Yi. Our previous analysis holds
up with c = 1/20 in the use of Lemma 5. Furthermore, avoiding the ≤ n1/5 small vertices is
easily incorporated because we have allowed in the proof for the avoidance of n2/3+o(1) vertices
from

⋃
iXi etc..

In this way, we show that whp

P (2`+1)
x (y) ≥ (1− o(1))

deg−(y)

m
, for all large x, y.
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If x is small, then whp it will only have large out-neighbours and so

P (2`+2)
x (y) =

1

deg+(x)

∑
z∈N+(x)

P (2`+1)
z (y) ≥ (1− o(1))

deg−(y)

m
. (56)

A similar argument deals with small y i.e.

P (2`+2)
x (y) =

∑
z∈N−(y)

P
(2`+1)
x (z)

deg+(z)
≥ (1− o(1))

∑
z∈N−(y)

deg−(z)

mdeg+(z)
≥ (1− o(1))

deg−(y)

m
. (57)

and we end with a proof that whp

P (2`+3)
x (y) ≥ (1− o(1))

deg−(y)

m
, for all x, y.

3.4.2 Upper bound on steady state

For this we proceed as in Section 3.3 but initially try to restrict our analysis to large x, y. It
is comforting to know that ξx, ξy are large if they exist at all. This follows from Lemma 13.
This is important because (52) needs to have ξx, ξy large.

Also, if ξy exists then the nearest small vertex to y is at distance more than `10. (58)

We will have to add an extra term T `0+1
x (y) to deal with walks that go through the (at most

one) small vertex zy ∈ Yj. We must deal with these seperately, because of complications with
the second summation in the definition of WZ

t .

Case (a): We deal first with large x and large y for which zy does not exist. For this we can
follow Section 3.3. We will not have trouble when we have to estimate A1, A2, A3 because of
(58).

Case (b): We can now extend to the case where x ∈ V and y is small. Here we use (57) with
the inequalities reversed.

Case (c): Now suppose that y is large and zy exists. We deal with this in a similar way to
that in which we dealt with R`0+1

x (y). The case j ≥ `5 yields the same term as in (51). Note
here that ξzy does not exist, see Lemma 13.

To deal with j < `5 we argue as for (53), relying on Case (b).

Case (d): We finally deal with x small and y ∈ V . Here we use (56) with the inequalities
reversed.
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4 Upper Bound on Mixing time

We next show that the mixing time T as defined in (1) satisfies

T = o(` log n) = o((log n)2) (59)

where ` is given by (13).

Define
d̄(t) = max

x,x′∈V
|P (t)
x − P

(t)
x′ | (60)

to be the maximum over x, x′ of the variation distance between P
(t)
x and P

(t)
x′ . Equation (34)

implies that
d̄(2`+ 1) = o(1). (61)

Lemma 20 of Chapter 2 of Aldous and Fill [1] proves that

d̄(s+ t) ≤ d̄(s)d̄(t) and max
x
|P (t)
x − πx| ≤ d̄(t)

and so (59) follows immediately from (61).

5 The Cover Time

We see immediately from (59) that Condition (b) of Lemma 3 is satisfied.

We will show shortly that if D+ ∩ D− holds then

RT (1) = 1 + o(1) (62)

and therefore
∑T

t=1 rt = o(1). Thus if |z| ≤ 1 + λ, then as λ = 1/KT we have

RT (z) ≥ 1−
T∑
t=1

rt|z|t ≥ 1− (1 + λ)T
T∑
t=1

rt = 1− o(1)

and Condition (a) of the Lemma is also satisfied. So for v ∈ V ,

pv = (1 + o(1))
deg−(v)

m
.

Proof of (62): We first observe that because the minimum out-degree of Dn,p is Ω(d log n)
we have for any x, y

Pr(Wv(t) = y | Wv(t− 1) = x) = O

(
1

d log n

)
. (63)

26



The expected number of returns to v ∈ V byWv is therefore O(T/d log n). Thus if d ≥ (log n)2

we are done immediately.

If d ≤ (log n)2 then a simple first moment calculation shows that whp for every vertex v ∈ V ,
there is at most one edge from a vertex in N+(v) to {v}∪N+(v) or from a vertex in N+(N+(v))
to {v} ∪ N+(v) ∪ N+(N+(v)). Thus with probability 1 − O(1/(log n)2, x = Wv(3) satisfies
dist(x, v) ≥ 3 and then the probability of a return to v is O(T/(log n)3).

5.1 Upper Bound on the Cover Time

For np = d log n, d constant, let t0 = (1+ε)d log
(

d
d−1

)
n log n. For np = d log n d = d(n) →∞

let t0 = (1+ ε)n log n. Here ε→ 0 sufficiently slowly so that all claimed inequalities below are
valid.

Let TD(u) be the time taken by the random walk Wu to visit every vertex of D. Let Ut be the
number of vertices of D which have not been visited by Wu at step t. We note the following:

Cu = E(TD(u)) =
∑
t>0

Pr(TD(u) ≥ t), (64)

Pr(TD(u) ≥ t) = Pr(TD(u) > t− 1) = Pr(Ut−1 > 0) ≤ min{1,E(Ut−1)}. (65)

Recall that Av(t), t ≥ T denotes the event that Wu(t) did not visit v in the interval [T, t]. It
follows from (64), (65) that for all t ≥ T ,

Cu ≤ t+ 1 +
∑
s≥t

E(Us) ≤ t+ 1 +
∑
v

∑
s≥t

Pr(As(v)). (66)

Assume first that d(n) →∞. If v ∈ V and t� T then

Pr(As(v)) ≤ (1 + o(1)) exp

{
−(1− o(1))s

n

}
+O(e−Ω(s/T )). (67)

Plugging (67) into (66) we get

Cu ≤ t0 + 1 + 2n
∑
s≥t0

(
exp

{
−(1− o(1))s

n

}
+O(e−Ω(s/T ))

)
(68)

≤ t0 + 1 + 3n2 exp

{
−(1− o(1))t0

n

}
+O(nTe−Ω(t0/T ))

= (1 + o(1))t0.

Now assume that d is constant. For v ∈ V we have

pv ≥ (1− o(1))
deg−(v)

m
.
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Then in place of (68) we find, using the bounds in Lemma 4 (b2),

Cu ≤ t0 + 1 +
2 + o(1)

nd−1

Cnp∑
k=cnp

(nep
k

)k∑
s≥t0

(
exp

{
−(1− o(1))ks

m

}
+O(e−Ω(s/T ))

)

≤ t0 + 2 +O(nTe−Ω(t0/T )) +
2 + o(1)

nd−1

Cnp∑
k=cnp

(nep
k

)k m
k
e−(1−o(1))kt0/m

≤ t0 + 3 +
2 + o(1)

nd−1
m

Cnp∑
k=cnp

(nep
k

)k (d− 1

d

)(1+ε/2)k

≤ t0 + 3 + (2 + o(1))m

Cnp∑
k=cnp

e−εk/2d

= (1 + o(1))t0,

where we have used the fact that (nep(d− 1))/(kd))k is maximized at k = np(d− 1)/d.

5.2 Lower Bound on the Cover Time

For np = d log n, d constant, let t1 = (1−ε)d log
(

d
d−1

)
n log n. For np = d log n d = d(n) →∞

let t0 = (1− ε)n log n. Here ε→ 0 sufficiently slowly so that all claimed inequalities below are
valid.

Case 1: np ≤ nδ where 0 < δ � η is a positive constant.
Let V ∗ =

{
v : deg−(v) = k∗

}
where k∗ = (d − 1) log n, (see Lemma 4(b3)). The maximum

degree in D is O(np) and so V ∗ contains a sub-set V ∗∗ of size ≥ nγd/2 such that v, w ∈ V ∗∗

implies dist(v, w) > `2.

Now choose u /∈ V ∗∗ and let V † denote the set of vertices in V ∗∗ that have not been visited
by Wu by time t1.

Then

E(|V †|) ≥ nγd/2

(
exp

{
−(1 + o(1))k∗t1

m

}
− o(e−t1/T )

)
≥ nγd/3.

As in previous papers we can use the Chebyshev inequality in order to show that V † 6= ∅
whp, completing the proof of Theorem 1.

We have to show that if v, w ∈ V ∗∗ then

Pr(Av(t1) ∩Aw(t1)) ≤ (1 + o(1))Pr(Av(t1)Pr(Aw(t1). (69)
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To prove this, we identify vertices v, w into a “supernode” σ to obtain a digraph Dσ with
n− 1 vertices. In this digraph σ has in-degree deg−(v) + deg−(w) = 2k∗. The arguments we
used in Section 3 remain valid in Dσ. In particular,

πσ ∼ (1− o(1))
2k∗

m
.

Using the suffice Prσ to denote probabilities related to random walks in Dσ, it follows that

Prσ(Aσ(t1)) ≤ exp

{
−(1 + o(1))2k∗t1

m

}
− o(e−t1/T )

= (1 + o(1))Pr(Av(t1)Pr(Aw(t1).

But, using rapid mixing in Dσ,

Prσ(Aσ(t1)) =
∑
x 6=σ

P T
σ,u(x)Prσ(Wx(t) 6= σ, T ≤ t ≤ t1)

=
∑
x 6=σ

(
(1 + o(1))

deg−(x)

m
+O(n−3))

)
Prσ(Wx(t) 6= σ, T ≤ t ≤ t1)

On the other hand,

Pr(Av(t1) ∩Aw(t1)) =
∑
x 6=v,w

P T
u (x)Pr(Wx(t) 6= v, w, T ≤ t ≤ t1)

=
∑
x 6=v,w

(
(1 + o(1))

deg−(x)

m
+O(n−3))

)
Pr(Wx(t) 6= v, w, T ≤ t ≤ t1)

But,
Prσ(Wx(t) 6= σ, T ≤ t ≤ t1) = Pr(Wx(t) 6= v, w, T ≤ t ≤ t1)

because random walks from x that do not meet v, w or σ have the same measure in both
digraphs.

It follows that

Pr(Av(t1) ∩Aw(t1))−Prσ(Aσ(t1)) ≤ O(n−2) + o(1)(Pr(Av(t1) ∩Aw(t1)) + Prσ(Aσ(t1))).

This implies that

Pr(Av(t1)∩Aw(t1)) ≤ (1+o(1))Prσ(Aσ(t1))+O(n−2) ≤ (1+o(1))Pr(Av(t1)Pr(Aw(t1)+O(n−2).

Thus
Var(|V †|) = o(E(|V †|)2) +O(|V ∗|2n−2) = o(E(|V †|)2)

and so V † 6= ∅ whp.
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Case 2: np ≥ nδ.
In this range we take t1 = (1− ε)n log n and let V ∗∗ be the set of vertices of degree bnpc. A
simple second moment calculation shows that whp we have |V ∗∗| = n1/2+o(1). We then choose
ε so that E(|V †|) ≥ n1/4. It is then only a matter of verifying (69). We define Dσ as in the
previous case and now use Theorem 54 to show that whp we have πσ ≥ (2 − o(1))/n. The
details are as in the previous case.

This completes the proof of Theorem 1. 2
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