The cover time of random digraphs

Colin Cooper* Alan Frieze!

September 29, 2009

Abstract

We study the cover time of a random walk on the random digraph D, , when np =
dlogn, d > 1. We prove that whp the cover time is asymptotic to dlog(d/(d — 1)) -
nlogn. To obtain this result we prove that whp the stationary distribution of any
vertex v is given asymptotically by m, ~ deg™ (v)/m where deg™ (v) is the in-degree of
v and m is the number of edges of D, ,. We note that if d = d(n) — oo with n, the
stationary distribution is asymptotically uniform.

1 Introduction

Let D = (V, E) be a strongly connected digraph with |V| = n, and |E| = m. For a simple
random walk W, = (W,(t), t =0,1,...) on D starting at v € V, let C, be the expected time
taken to visit every vertex of D. The cover time C'p of D is defined as Cp = max,cy C,.

For connected undirected graphs, the cover time is well understood, and has been extensively
studied. It is an old result of Aleliunas, Karp, Lipton, Lovdsz and Rackoff [2] that Cg <
2m(n — 1). It was shown by Feige [9], [10], that for any connected graph G, the cover time
satisfies (1 — o(1))nlogn < Cg < (1 + o(1))5=n?, where logn is the natural logarithm. An
example of a graph achieving the lower bound is the complete graph K, which has cover
time determined by the Coupon Collector problem. The lollipop graph consisting of a path
of length n/3 joined to a clique of size 2n/3 has cover time asymptotic to the upper bound of

(4/27)n,

For directed graphs cover time is less well understood, and there are strongly connected
digraphs with cover time exponential in n. An example of this is the digraph consisting of
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a directed cycle (1,2,...,n,1), and edges (j,1), from vertices 7 = 2,...,n — 1. Starting from
vertex 1, the expected time for a random walk to reach vertex n is 2" 2.

In a sequence of papers we investigated the cover time of various classes of random graphs.
The main results of these papers can be summarized as follows:

o [4] If p=dlogn/n and d > 1 then whp Cg,, , ~ dlog (d%‘ll) nlogn.

e [7, 8] Let d > 1 and let  denote the solution in (0,1) of z = 1 — e™%. Let X, be the

dz(2 o) yn(logn)®.

giant component of G, ,, p = d/n. Then whp Cx, ~ o Tog d)

e [5] If G, denotes a random r-regular graph on vertex set [n] with » > 3 then whp
Cq, , ~ :—:;nlog n.

n,r

e [6] If G, denotes a preferential attachment graph of average degree 2m then whp
2m
Cgq, ~ ="nlogn.

m m—1

In this paper we turn our attention to random directed graphs. Let D, , be the random
digraph with vertex set V = [n] where each possible directed edge (i,j), ¢ # j is included
with probability p. It is known that if np = dlogn = logn + v where v = (d — 1) logn — oo
then D, , is strongly connected whp. If v as defined tends to —oo then whp D,,, is not
strongly connected. (We do not have a direct reference to this result. It is easy to show that
if np = logn — v where 7 — oo then there are vertices of in-degree zero. On the other hand,
if np = logn + v where v — oo then [11] shows that the random digraph is Hamiltonian and
hence strongly connected). Strong connectivity for np = logn + v where v — oo also follows
from the proof of Lemma 6. It is also easy to prove directly.

We determine the cover time of D,,, for values of p at or above the threshold for strong
connectivity.

Theorem 1. Let np = dlogn where dlogn =logn 4+~ and v = (d — 1) logn — oo.
Then whp

Cp,, ~ dlog <d%‘l1) nlogn.

Note that if d = d(n) — oo with n, then we have Cp, , ~ nlogn.

The method we use to find the cover time of D, , requires us to know the stationary dis-
tribution of the random walk. For an undirected graph G, the stationary distribution is
7, = deg(v)/2m, where deg(v) denotes degree of vertex v, and m is the number of edges in
G. For a digraph D, let deg™ (v) denote in-degree of vertex v, deg’(v) denote out-degree, and
let m be the number of edges in D. For strongly connected digraphs in which each vertex v
has in-degree equal to out-degree (deg™ (v) = deg*(v)), then 7, = deg®(v)/m. For general
digraphs, however, there is no simple formula for the stationary distribution, and the main
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technical task of this paper is to find good estimates for 7, in the case of D,, ,. We summarize
our result concerning the stationary distribution in the following theorem.

We summarize our result concerning the stationary distribution in Theorem 2 below. For
a given vertex v, define a quantity ¢*(v), which characterizes the in-neighbour w of v with
minimum out-degree as follows:

¢*(v) = min (M Tw e N‘(v)) : (1)

deg™ (w) deg+ (w)

Theorem 2. Let np = dlogn where dlogn = logn + . Let n — oo and assume vy — 0.
Then whp, for allv eV,

deg™(v) +¢"(v))

Ty =

(1+0(1)) (
m
where deg™ (v) is the in-degree of v and m is the number of edges of D,,,, and €, € [0, 1].

We note the following special cases.

Remark 1. We prove in Lemma 12 that whp ¢*(v) = o(deg™ (v)) for almost all vertices v.
For these vertices, the ¢*(v) term can be absorbed into the error term of m,.

Remark 2. If v = w(loglogn) then whp ¢*(v) = o(deg (v)) for all vertices v, and in
particular when d = 14§, 6 > 0 then the minimum out-degree is Q(logn). In these cases,
T, ~ deg (v)/m.

Remark 3. If d = d(n) — oo with n, whp the stationary distribution of D,,, is m, ~ 1/n.

Our analysis is based on Lemma 3 which is given in Section 2. This lemma is proved in its
current state in [7]. It provides a good estimate of the probability that a walk starting at
vertex u does not visit another vertex v in steps 1,7 + 1,...,t where T is a mixing time. In
order to apply the lemma we need an estimate of the stationary distribution 7, of the random
walk for all v € V. We also need an estimate of 7', and of a parameter Ry(1) which is the
expected number of returns made to v during the first T steps by a walk starting from v.

As previously remarked, the main problem is to estimate the stationary distribution, and we
will briefly describe our technique for doing this. Once we know the stationary distribution,
it is basically plain sailing. We establish that the conditions for Lemma 3 hold, and using this
lemma we apply the methods used in previous papers such as [7].

We approximate the stationary distribution 7 using the expression @ = wP*. To do this we
need the value of P¥ where P is the transition matrix. By a suitable choice of k& we find we
can bound

P (y) = Pr(W,(k) = y)

xT
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from above and below by values independent of z, i.e. P (y) ~ 6, = (hng, where the value
for 6, is verified in Section 5. Here deg™ (y) is the in-degree of y and m is the number of edges
of D, ,. We next give a brief intuitive picture of how this is done.

Let k£ = 2¢ + 1. We grow an out-branching T'x from x to depth ¢, and an in-branching 7y to
y of depth ¢, and join the top level of these branchings by random edges. By careful choice
of ¢ these branchings are almost tree-like. Suppose that vertex w lies in the ¢-th level of the
out-branching Tx. For each path P, = (z = v, v1,...,vy = w) from x to w, the probability
that W, follows this path for the first ¢ steps is 1/(deg™ (vg)...deg™ (v,_1)). We estimate the
sum of these probabilities over all vertices w in the ¢-th level of the out-branching Tx as
a random variable. This is reasonably straightforward. We need to do this for 7y as well
and this is more delicate. We approximate the required sum of probabilities from above and
below by random variables W}, W that are defined iteratively. This is Lemma 5, described
in Section 4. In addition, the upper bound analysis requires us to deal with error terms that
can be ignored for the lower bound.

The structure of the paper is therefore as follows: Section 2 describes Lemma 3. Section 3
provides a technical lemma about the degree sequence of D,, ,,. Section 4 describes Lemma 5.
Section 5 deals with estimating the stationary distribution and forms the main body of this
paper. Section 6 is short and gives a bound on the mixing time, using the results of Section
5. We then estimate the cover time asymptotically in Section 7.

1.1 Chernoff Bounds

The following inequalities will be used for the sum Z = Z; + Zy + --- Zx of independent
random variables 0 < Z; < 1,i=1,2,..., N with E(Z; + Zo + -+ -+ Zy) = Np:

26~ Nu/3, (2)
(e/a)*™r. (3)

Pr(|Z — Nyl =z eNp)

<
Pr(Z > aNp) <

2 Main Lemma

In this section D denotes a fixed strongly connected digraph with n vertices. A random walk
W, is started from a vertex u. Let W, (t) be the vertex reached at step ¢, let P be the matrix
of transition probabilities of the walk and let P.” (v) = Pr(W,(t) = v). We assume that the
random walk W, on D is ergodic with stationary distribution 7.

Let
d(t) = max |PY(x) — 7],

u,x€V



and let T" be a positive integer such that for ¢ > T

(t) _ <3
mzé>‘s|Pu (x) —m| <n™". (4)

uU,x

Fix two vertices u,v. Considering the walk W,, starting at v, let r, = Pr(W,(t) = v) be the
probability that this walk returns to v at step t =0,1,... . Let

Rp(z) = z_:rjzj (5)

and

A:ﬁ (6)

for a sufficiently large constant K.

For t > T let A,(t) be the event that W, does not visit v in steps T, T + 1, ... 1.

Lemma 3. Suppose that

(a) For some constant 6 > 0, we have

min |Rr(z)| > 6.
|2|<1+A

(b) T?*n, = o(1) and T, = Q(n=2) for allv € V.

There exists
Ty

P R+ O] v
where Rr(1) is from (5), such that for allv € V andt > T,
_ (1+0(Tn,)) \t/
Pr(A,(t)) = Ty + O(T?*r, e 3. (8)

A similar lemma was first proved in [5]. It was amended slightly for [7] and this latter version
is the one quoted above.

3 Degree Sequence

We state a simple lemma concerning the degree sequence of D,, ,. The lemma can be proven
by the use of the first and second moment method (see [4] for similar calculations).

Let np = dlogn and let
Ay = 30np. 9)



Lemma 4. Assume that np = dlogn where 1 < d = O(1) and (d — 1)logn — oo. Let

R R (R CO

denote the expected number of vertices v with deg (v) = k. Let D(k) denote the actual number
and

Ky = {k€[1,Ad: D(k) < (logn)~?}.
Ky, = {1<k<15: (logn)~ 2§E( ) <loglogn}.
Ky, = {ke[16,A¢: (logn)™? < D(k) < (logn)®}.

Kg = [1,A0]\(K0UK1UK2)

The degree sequence has the following properties.
(a) Ifd— 1> (logn)~'/? then whp
K, =10, min{k € K5} > (logn)"/?, |Ks| = O(loglogn).

(b) For all degrees k € [1, Ag] the following hold whp.

k‘ S K(), D(k’) — 0,
ke Ky, D(k)< (loglogn)
ke Ky, D(k)<(logn)
D _
ke K, (k) < D(k) <2D(k)

(c) Let k* = (d — 1)logn. Let v4 = (d — 1)log(d/(d — 1)). Whp there are at least
nYe/ (3w logn(d(d — 1))"/?) vertices v with deg” (v) = k* and deg*(v) = dlogn.

(d) Let D be the event
{FveV: degh(v) > Ay or deg (v) > Ao}, (10)

then
Pr(D) < n~ e 10, (11)

Note. From now until Section 5.3, we will work under
Assumption 1 : d>2. (12)

(Note that 2 is somewhat arbitrary here. Any constant larger than 1 will suffice.)
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Under Assumption 1, there is a constant ¢ > 0 and an interval
I = [enp, Cnp), (13)
where C' = 30, such that if v € [n — n%7 n] then
Pr(Bin(v,p) € I) =1—o(n™"). (14)

Let &5 be the event that the in-degree and out-degree of all vertices in S C V are in the
interval I. Then for any S C V we have

Pr(&s) = 1 — o(1). (15)

4 A Useful Lemma

The weight of a path P of length ¢ from vertex z to y is the probability that the random walk
W, reaches y in exactly ¢ steps by following P. The following lemma is used to estimate the
stationary distribution of the random walk. It gives a good approximation to the weight of
(the paths in) an in-tree Ty of height ¢ rooted at a vertex y. The precise construction of the
tree Ty is described at the beginning of Section 5.1 below.

We introduce a random variable W, = W, , to model the weight of Ty. Here t < /is a
non-negative integer and o is an arbitrary sequence o; of positive integers in

Iy = [n—n% n).
We note that o is just a convenient notational device for saying that we have some freedom
in choosing the number of trials in each of a collection of binomial random variables.

Initially, when t = 0, o is empty. For given ¢, the entries in o list the values of o; used in
the recurrence (16) given below, along with all entries of the o; from previous applications of
the recurrence. The exact values of g; or the length of o are not relevant to our construction.
The value of o; can differ at each application of (16).

Lemma 5. Let Wy, =1 forallo. Fort > 1, let B, be an independent copy of min{ Bin (oo, p), Ao},
where o9 € 1y and Ag is given by (9). For i = 1,..., By, let A; be an independent copy of
Wis1,e,, and let D;; be an independent copy of 1+ Bin(o;,p) where o; € Iy for 1 <i < By. If

By =01let Wy =0 and if By > 1 let

By
A
Wt - ng- - Z D . (16>

i=1 bt
Suppose that M > 1, Mt = o(np) and np = o(n33). Then for 1 < |A\| < M,
SMA|t
np |-

E(eM) < exp {)\ +



Proof We proceed by induction on t. The claim is true for t = 0. Let ¢ = 1 — p and let
t > 1, then

a0 o k . ) . So ) .
B <3 < k@) P T E(MPr) + Pr(Bin(oo, p) > Ao) [[ B(M/Per) — (18)
k=0 i=1

i=1
where N
E(e)\Ai/Di,t> — <0i)plqoi—lE(€)\Ai/(l+1)).
1=0 !
Now
3 —1 7% qu"l_l _ 1 (o0t 1 l+1q0i_l
= [T\ (i +p = \1+1
1 1 0] —.33
(1—(1—p)7tl) = +0(n™)
(o;:+1)p np
and
- 1 i 1 o.—l Z 1 ag; 1 oi—l
(ef} < 2 - T;
; (z+1)2<z)pq i (z+1)(z+2)(z)pq
_ 2 o~ (i +2 142 i~ _
_(0i+1)(0i+2)p2;<l+2)p T =
2 . . 2+ O(n=33)
1_ 1— oit2 _ i 2 1— o+l =
(05 +1)(0: + 2)]92( 1-7) (0 + 2p(1 =)™ n?p?

Applying induction, and using e® < 1+ x + 22 for |z| < 1 we see that,

S (o Mt —1

— [+1 (I+1)np

AN 1 BM(t — 1)|A| 2\
< l (oF} l
- Z(l)pq (1+l+1<>\+ np +(l+1)2

=0
ML+O(n™%) | 5M(t = DAL +O0(n™*) | 40(1 + O(n~)
np n2p2 n2p2

< 1+

np n2p2 n1.33p

We observe then that E(e*Mi/Pit) =1 + o(1) and so

Ag
Pr(Bin(og,p) > Ao) HE(e)‘A"'/Diﬁt) < e 1P (1 4 o(1))A < e, (20)

i=1



Plugging (19) and (20) into (18) we get

oo k
E(e)\Wt) S Z <(;€O>pkq0'0—k (1 4 i + |)\|M(5t 2) 4 O <n1§3p>> I 6_5np

rar np n2p?
A M(5t—2)|A A 70
= <1+—+#+O (1—33)) +e P
n n’p nt
AM (5t —1
< exp {)\ + —| | M5 )} (1 + e"\‘_‘r’”p)
np
{ 5M|)\|t}
< expq A+
np
which is (17). O

We will apply Lemma 5 as follows. From (17) we have that E(e™"t) < MM and E(e- ") <
e MM for ¢ = 5L So, if S, = X; +-- -+ X}, is the sum of k independent copies of W,, then

cnp

eMaE(e—MSk)

e—MbE(eMSk>

S e—kM(l—§)-l—]\4a7 (21)
<

ekM(l—i—g)—Mb' (22>

The recursive computation of W; as in (16) gives rise to a randomly weighted tree that we
denote by Tw,. If t = 0 then Ty, is a single vertex. Otherwise, we have a root of degree B,
with children Ty, for ¢ = 1,2,..., B;. The weight of the root p of Ty, is one. The weight of
the ith child v; of p will be 1/D;; from (16). The children of v; will have weights 1/D,; 1 and
so on. Le. creation of a vertex involves instantiation of a random variable D = 1 + Bin(o, p)
for some o € I and the weight of the vertex is then 1/D.

If P is a path from a leaf to the root of Ty, then its weight is defined to be the product of
the weights of the vertices on the path. With this definition, the random variable W; is equal
to the sum of the weights of the leaf to root paths.

Furthermore, inequality (17) remains true if we evaluate W, in a top down approach, revealing
o as is needed i.e level by level in the tree Tyy,.

5 Estimating the Stationary Distribution

We approximate the stationary distribution 7r as follows: Iterating the equation w = wP, k
times gives w = wP*. For fixed y this gives m, = >, 7, P (y). By bounding ngk)(y) from
above and below by values independent of z, i.e. P (y) ~ 6, we obtain 7, ~ 6,.



5.1 Lower Bound on the stationary distribution

To bound P (y) from below, we use walks between x and y consisting of simple directed
(x,y)-paths of length k. Let np = dlogn. The proof consists of four cases, depending on the
value of d.

Case O: 1+o0(1)<d<2

Case I: d > 2 and d = O(1) or d — oo and d < n3/10.
Case IT: n3/10 < 4 < n3/>,

Case IIL: d > n?/°.

Until Section 5.3, we work under Assumption 1 that d > 2. Case O is treated separately,
in Section 5.3. Most of the work in Lemma 6 below is in the proof of Case I. The proof of
Lemma 6 uses Lemma 5. To apply this lemma, we need a careful construction of an in-tree
rooted at vertex y.

Under Assumption 1, the term ¢(v) of Theorem 2 gets absorbed into the €, error term.

Lemma 6. There erists an integer s = O(log,,,n) such that whp for all z,y €'V,

dea
.@ﬂ@pza—ou»i%gﬁﬁwauvem
where m is the number of edges in D, ,,.
Proof
Case I: Let )
(= E log,,, nJ (23)

For a vertex v let N~ (v) be the set of in-neighbours of v and for a set S, let N~=(S) =
U,es N~ (v). Define N*(v), N*(S) similarly with respect to out-neighbours.

Construction of Ty.. For fixed y € V', we build a tree Ty rooted at y, a truncated breadth-
first fashion. Ty has level sets Y;,i = 0,1, ..., ¢, and vertex set Y = U{_,Y;.

Define Yy = {y}. We next describe how to construct Y;;; from Y; for ¢ > 0. We process the
vertices of Y; in increasing label order vy, vy, ..., v}y;|. Initially N; = (. For v, € Y] let

I(o) =V \(YpU---UY;UN,).

When examining the in-neighbours of v, we retain the first (at most) A in-neighbours in
I(vg) in the natural label order. Let N*(vy) be this set of retained vertices and update
N; := N; U N*(vg). As Af = O(n2/3+°W)) we have that [YoUY;--- U Y| = o(n®%7), and the
in-degree of vy, in I(vy) fits the definition of B; in Lemma 5.
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The construction above means that for w € Y;,; there is a unique edge (w, v) in Ty to some v =
vk, in Y;. Let S(w) C Y (i) be the vertices {vy, ..., vx}. Let Y*(w) =YoUY,U---UY;_1US(w).
Then the only edge from w to Y*(w) is (w, vg). The distribution of the other out-edges of w
is unknown. Because |Y*(w)| = o(n%®7) the distribution of out-edges of w fits the definition
of D;; in Lemma 5.

Construction of Tx. Given Y and z € V, (z = y is allowed) we define X, = {z}, X1,..., Xy
where X; 11 = NT(X)\ (YUXoU---UX;) for 0 <i <.

Let X = Uf:o X; and let Ty denote the BFS tree constructed in this manner. If w € X; ; is
the out-neighbour of more than one vertex of X;, we only keep the edge (z,w) with z as small
as possible for Tx. Let X = {z¢g = x,z1,...,xx} where x; is the i-th vertex added to T.

For u € X; let P, denote the path of length i from x to u in Tx and
1 .

’LUEPLL
wH#u

Similarly, for v € Y; let @), denote the path from v to y in Ty and

1
Biw = ———— < Pr(W,(i) = y). 24
I1 Gy <Prowt =v (24)
wy
Given D, , we have
1
PPy > 7 =17 = WBp—r— 25
T (y) — (':Uhy) Z Oég’ 65, deg+(u) ( )
ueXy
vEYy
where 1,, is the indicator for the existence of the edge (u,v) and we take deéi“(u) = 0 if

deg™ (u) = 0.

Let C' = C(x,y) denote X;,Y;, 0 < i < ¢ and the collection of edge sets (X;_; : X;), 1 <i </
in Tx (resp. (Y;:Y;1), 1 <i</{inTy).

Now, at this point we know that u € X, does not have neighbours in Ty \ Y;. Other possible
edges are unconditioned. So the distribution of deg™ (u) is Bin(v, p) where n—n%" < v <n—1.

fhus (| ) =3 (Vo — -t L o). (26)
deg™ (u) h e

k=1
We therefore have,

E(Z|C) = Hno(l) (Z az,u> (Z ﬁz,v> : (27)

ueXy vEY)y
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We will show next that for some ey, ey = o(1) and £ as in (15),

Pr (Z oy <1 —ex

5X\Xe> = o(n_lo), (28)

Pr (Z Bpw < (1— ey)deii;(yv = o(n™h). (29)

Note that there is one inequality (28) needed for each z,y € V' and one inequality (29) needed
for each y € V. For a given y, the latter inequality is independent of x.

Proof of (29): For each v; € Y; (the ith level of Ty) and j < ¢ with path P = (v;, v;—1,...,v;)
in Ty from v; to v; € Y}, let

: 1
Yigwws = 11 I
= AL G
Given i < j < f and v € Y; we let
Y,; ={w €Y : the path from w to y in Ty goes through v} . (30)

Let

Sy
Z ﬂf,v = Z Ve, 0w,y = Z deg+(v)’ (31)

vEY)y weYy vEY]

where Y, is defined in (30), and
Sv - Z Ve, 1;w,0-
U)EYU’@

Recall that np = dlogn, d > 1. Let I = [enp,Cnp| (see (13)). If deg™(y) € I, we say y is
centered. Let &, be the event that y is centered. Then from (14), Pr(=€,) = o(n™1).

Let ¢ = 1/logloglogn. A vertex is nmormal if at most (o = [4/(¢3d)] of its in-neighbours
have out-degrees which are not in the range [(1 — {)np, (1 + {)np]. Let N (y) be the event y
is normal. If y is centered, the probability v is not normal is at most

Cnp
Z < o (2€_<2np/3>C0 — O(n—Q(IOgloglogn)>.
Co

s=cnp

Thus
Pr(=(N(y), &) = o(n™). (32)
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Let d; = deg™ (y). If y is normal and centered, and €y > 2¢ then, referring to (31),

_ dy —Co ' -
Pr (Zﬁz,vé(l—ey)i—y> < pPr| Y ufmgu_ey)d_y (33)

n
= P

dy —Co

< Pr| > S;<(l—e/2)d, |. (34)

From the construction of 7y, and the construction of Ty, given following Lemma 5, we see
that there will be some sequence o, such that the S, are distributed as independent copies of
A, = Wi_1,4, We can then use (21) to estimate the probability (34).

For d constant, let ¢y = 2¢ and M = 10/(ey). In this case J‘f—}f =0 <M) = o(1) and

loglogn
Lemma 5 is applicable. For np = wlogn, w — oo let ey = 1/w'/? and M = 1. In this case

];L/[—If = ngogn = 0(1) and Lemma 5 is again applicable.

We now complete the proof of (29).

IN

_ dy —Co
<Zﬁh_ 1_@)%) Pr ;Ajs(l—%)d; + Pr(=(W(y),€,))

vEYy

IA

max (e_M((d?;_CO)(l_S(ii;U)_(l_Eymd;)) +o(n7")
dy el

6—Mey logn/3 + O(n—l)

o(n™1). (35)

Proof of (28): For u € X, let P, = P,.; = (ug = z,uy,...,u, = u) denote the path from z to
win Tx. Let deg} (v) = [NT(v) N X| denote the out-degree of v in Tx. For the related walk
on the digraph T, starting at x; X, is reached with probability ® = 1 in exactly ¢ steps,
after which the walk halts. Thus

—o- Y 1

ueXy UEP degX

Z . (36)

There is an assumption that deg® (v) > 0 for v € X and this will be justified whp below, see
(39).

For x; € X let f(z;) = [NT(z;) N (Y U{zo,21,...,2;_1})| so that deg™ (v) = deg¥(v) + f(v).
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Now

1
* =2 a7

u€eXyp vEP,

1 1
B ;; (g deg+(v)> (g 1— f(v) /deg+(v)>
1
= S (11 1= (0)/deg? <v>>

ueXy

Now if

1
<1+h YueX, (37)
11 1— f(v)/deg™(v) ‘
then >y, s =1 —o(1) provided h = o(1). Under the assumption f(v)/deg®(v) < 1 we

have
1

f(v) )
< exp ( : (38)
1 — f(v)/deg™d(v) deg™(v) — f(v)
For u € X we can bound ) _, f(v) by the binomial Bin(Nx,p) where Nx = [Y| + | X]|.

Assuming Exyy, see (14), we have Nx = n?3+°(1)_ Recall that np < n*/1° (Case I). Using the
Chernoff bound (3), we have that

n _ . n
Pr <Z fv) > Up 5<X\XZ>U(Y\YZ>> < Pr (Bm(n” et p) > Up 5<X\XZ>U<Y\YZ>)
UEPLL
2/3+0(1) np
< (14 0(1))Pr ( Bin(n p) > —
w
< n_ﬁ%
So with w = o(np), with conditional probability at least 1 — n~"?/(100w),
¥ f(v) 1
v
< — f P,. 39
deg™(v) — aw orve (39)
(ii)
Z f(v) < 1
+ _ — _ 1’
= deg™(v) = f(v) — cw
Going back to (38) we see from (ii) that with (conditional) probability at least 1 — n~"?/(100)
1 1 1
< =140(—). 40
I =y <= (=-1) =1+ 0 () o

UEPu
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There are at most n trees and n paths per tree and so (37), with h = O(1/w) = o(1), follows
from (40). This completes the proof of (28).

Evaluation of (25): Let C = Ex\x, NEy\y, so that Pr(C' € C) = 1—o0(1) (see (14)). In order
to apply (27) we next establish the concentration of Z given C' € C. If u € X, and C € C
then |Y;| = n?/3+°() and

Pr (I[N (u) NY;| > 100) < Pr(Bin(n**™W p) > 100) < n~>. (41)

We write Z =) Z,, where

ueXy

Qi g
Zy = : -
deg™ (u) Z &

ve(NT (u)NYe)

Conditional on [N*(u) N Y| < 100 we have Z, < 100/(cnp)*** = B, say. Let Z, = Z,/B,
then for v € X, the Z, are independent random variables, and 0 < Z, < 1. Let Z = ZUEXg .-
Referring to (26), (28), (29) we note that if C' € C then

B(Z[C) > 50— ex)(1— &)1~ O(n™*)) — O(|XiJn~®) = '/~
where the n=3 is from (41).
Let i = E(Z | ©). Tt follows from (2) that if 0 < 6 < 1,
Pr(|Z — il > 0fi | C) < 2e 7P/,
With 6 = 4(np/fi)"/? we find that,
Pr(|Z — fi > 4(npfi)'/? | C) = o(n™"),

and hence that
Pr(|Z — B(Z| C)| = 4B(npi)/? | C) = o(n™).

Now (4B+/np 1i) = O(n~7/6%°() "and so this implies that

Pr <|Z—E(Z 1) =0 (%) ' c) —1—o(n ™), (42)

It then follows from (27), (28) and (29) that

Pr (Z <(1- 0(1))degn;(y> ‘ 0) — o(n), (43)
" Pr(2e.0: PG > (1= o) “E ) 6 ) — () (14)
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Since Pr(€y) =1 — o(1), this completes the analysis for case I.

Case II: Fix x,y € V. A sequence of events &, is said to occur quite surely gs if Pr(&,) =
1 — O(n%) for any constant K > 0. The vertex x will have ~ np out-neighbours X, and y
will gs have ~ np in-neighbours Y_ and gs | X, NY_| ~ np?. Given this, the Chernoff bound
shows that gs there are at least (1 —o(1))n?p? paths of length three joining = to y. Therefore,
for any x,y € V,

n’p®  1—o(1)

(np)*  n

and we can proceed as we did for the previous case from (44).

PP (y) = (1 - o(1))

Case IIT: w > n?/5. We use a similar argument to the previous case. We now use the fact
that gs there are at least ~ np? paths of length two from z to y.

This completes the proof of Lemma 6. O
Lemma 7. Whp for ally € V,

deg(y)

my = (1 —o(1))
Proof It follows from Lemma 6 that whp, that for any y € V', and s = 2¢ 4+ 1 we have

Ty = Zﬂ'xpags)(y) > (1 — 0(1))deg7_(y) Zﬂ.x _ (1 . 0(1))deg_(y).

m m
zeV zeV

(45)

O

5.2 Upper Bound on the stationary distribution

Lemma 7 above proves that the expression in Theorem 2 is a lower bound on the stationary

distribution. As ) m, = 1, this can be used to derive an upper bound of 7, < (1 +o(1))de_W)

m

for all but o(n) vertices y. To extend this upper bound to all y € V is the subject of the
following lemma.

Lemma 8. There erists an integer s = O(log,,,n) such that whp for all z,y € V,

PO) < (1 +o(1) 2,

where m is the number of edges of D,, .

The proof of Lemma 8 is split into two cases. Each case requires a sequence of lemmas. As
before, most of the work is in proving the first case. We use the notation o < 3 to mean that
a/f3 is small enough so that any implied inequalities hold.

16



Case I: np < n® where 0 < § < n < 1 are positive constants.
Case II: np > nd.

Proof of Case 1.
Let
A =log,,,n.

We will use the following values:

03 = (1—n/10)A, 4 =nA/20, 05 = 9nA/10.

The plan once again is to estimate P*1(y) using breadth-first trees T, Ty. This time it
is easier to grow T'x to a depth ¢; and Ty to a relatively small depth /5. With this choice,
Lemma 9 below, implies that |Y| will contain no more than |Y| edges whp. This reduces the
complexity of the argument.

Lemma 9. Suppose that np < n’ where 6 < 1. For all S CV, |S| < sy = %lognpn, S
contains at most |S| edges whp.

Proof The expected number of sets S with more than |S| edges can be bounded by

i (Z) <si2 1)]95“ < g;(eznp)ssep = o(1).

s=3
O

We fix x,y and grow T'x from x to a depth ¢, and Ty into y to a depth /5. The definition of
T'x will change, but we will retain the notation. Fortunately, dealing with T’y becomes trivial.
The need for parameters (3, {4, {5 indicates that things are more complicated for Ty.

Define Yy = {y},Y1,...,Ys, where Y.y = N~ (V;) \ (YoU---UY;) for 0 <7 < ¥s.

We form the BFS tree Ty from Yy, Y7, ..., Y, as we did with the Y;’s in the proof of Lemma 6
(i.e. if w € Y;_4 is the in-neighbour of more than one vertex of Y;, we only keep the edge (z, w)
with 2 as small as possible for Ty ). Our upper bound construction of Ty is different, in that
we do not truncate in-neighbourhoods at Ay. The probability that there is a neighbourhood
sufficiently large to truncate is o(n™'°). If there is no truncation, the construction is the same
as for the lower bound.

Now let X;, 0 <1 < /3 be the set of all vertices that are reachable from = by a walk of length
1. These sets may be larger than the X; of Lemma 6 as we allow them to overlap, and they
are not disjoint from Y. For 0 < ¢ < /3, let

l
X; =X (=) = Jx.

=0

17



For 1 <1i¢ </ let
X;={aeX;: 3be X; and j <isuch that (a,b) is an edge}
and let X = |JL, X;.

Lemma 10.

(a) Let
L,(0)={Yze X": z has <100/n in-neighbours in X},

then Pr(=L,(l3) = O(n™?).

(b) Let
Ly, = {V 1<i<t: |X] <n®10AL 4+ log? n} ,

then Pr(—=L;) = O(n™?).

Proof

(a) Let z € Xj,. Let ¢ be the number of in-neighbours of z in U2, X;. Suppose that
we build Ty« as in Section 5.1, by growing a breadth-first out-tree from x to depth ¢3. In
this way we expose only one in-neighbour of z. Thus ( is dominated by 1+ Bin(|X*|,p) <
14+Bin(AF, p)+ Bin(max {0,]X~] - Af;g} ,p). We apply (11) to deal with the second binomial.
Hence if r + 1 = 100/7,

PI'(C Z r+ 1) S (1 + 0(1))A653p7’ + n—loe—lonp S 2nr(6—7]/10) + n—loe—lonp S n—9‘
Part (a) of the lemma follows.

(b) We claim that |X,,| is dominated by |[Xi| 4+ |Xs| 4 --- + | Xi| + Bin(A2+2 p) + nlp
where D is defined prior to (11). The sum |X;| + |Xs| 4+ --- + |X;| accounts for vertices
that are in X;;; and also in X ; for some j < i. For a vertex z € X;;1 not so far counted,
there are two possibilities. (i) z ¢ J;_, X» or (i) there exists j < i such that » € X; and
z ¢ Ui:jﬂ X;. In the first case the number of edges from z to UZJ;IO X}, is dominated by

Bin(|Xo| + -+ + | Xix1],p)- In the second case the number of edges from z to U;:;ljJrle
is dominated by Bin(|X;41| + -+ + | Xit1],p). We bound the number of vertices counted
by (i) and (ii) by the number of edges described in (i) and (ii) and this is dominated by
Bin(AF (1 + Ag 4 -+ + ALY, p) 4+ nlp. The result follows from Chernoff bounds and

induction on 4. Thus with probability 1 — o(n™1%) we have

| Xi1] < nP710(Ag + A2+ -+ A)) +ilog?n + n’TIMAL log? n.
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We now consider the weight of various types of walks of length /o + 1 from z to y. Some of
these are simple directed paths in the BFS trees, of the type considered in the lower bound,
and some use back edges of the BF'S trees or contain cycles etc.

For uw € X, we let

where of course

> gy =1 (46)

We also define the f;, as we did in (24). We will estimate
P y) < 22 (y) + QT () + Ry (y) (47)

where the definitions of the terms on the right hand side are as follows:

o Z%*1(y) is given by,

1
ZoM ) = Y e wBue—i— (48)
x yU sV + )
= deg™ (u)
VEY, \X

is the probability that W, (¢p+1) = y and the (¢;41)th edge (u, v) is such that v € Y, \ X
and the last /5 steps of the walk use edges of the tree Ty

These are the simplest walks to describe and they make up almost all the walk proba-
bility. They go through Ty and then monotonically level by level through Ty .

e Q%*(y) is the probability that W,(¢y + 1) = y and the (¢; + 1)th edge (u,v) is such
that v € Yy, N X and the last /5 steps of the walk use edges of the tree Ty.

e R%T1(y) is the probability that W,(¢y + 1) = y and the last £y steps of the walk use an
edge which is not part of the tree Ty.

Upper bound for Z%*1(y). We proceed in a similar manner to the proof of (29), and
use the same definition of central and normal, and similar values of the parameters. Thus
¢ = 1/logloglogn and (y = [4/(¢3d)] in the definition of normality. When np = dlogn, d
constant, we let ¢y = 4¢ and M = 10/ey, When £ = O (M) = o(1) as in the

np loglogn
lower bound proof. For np = wlogn, w — oo let ey = 1/w!/? and M = 1. In this case
% = Ti/3 L = 0(1)
P wl/3loglogn

Let & be the event that y and all of its in-neighbours are centered. A simple calculation
shows that Pr(&;) =1 —o(n ™).

Arguing in a similar manner as for (33) to (35) we get
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d-
S Pr Z ﬁfz,v Z (1 + EY)n_Z) (EJaN(y)) + Pr(_'(gg;k?N(y))
veYy,
dy —Co dy _
Yy Az Yy Az dy .
<SPl 2 gt 2 w2 ey et
i=dy, —(o+1
dy —Co Go
<Pr Z Ai > (1+ey/2)d, | +Pr (Z A; > ceYd;/3> +o(n™t) (49)
i=1 i=1
dy —Co
=Pr| > Ai>(1+e/2)d, | +o(n) (50)
i=1
3 5(0—1) ) B
< zrygzgexp {M ((dy — Co) (1 - Tp) —(1+ EY/2)dy)} +o(n™")

< e—Meylogn/3_'_O(n—1)

=o(n™h).

To go from (49) to (50) we use (22). Let k = (o, ¢ = o(1), b = ceyd, /3 and M = K /ey for
some large constant K. Thus k(1 +<) < ceyd, /6, and

o
Pr <Z A; > ceYd;/3> =o(n™t).

i=1
Using the Hoeffding inequality, we see as in (42), (43) that

Pr (31’,@/ c Z(x,y) > (1+ 0(1))%@)) = o(1). (51)

In computing the expectation of Z we observe that some of the vertices in the top level of Ty
are previously inspected in our construction and now E(1,,/d"(u)) < 1/n.

Upper bound for Q%*!(y). From Lemma 10 we see that we can assume

1 X, | < N =nt"tm,
Suppose that W = (z = uy,,...,u1, U, Vo, V1,-..,y = vg,) is a walk that contributes to
QY (y). Asuy € Xy, and vy € X; NY for some 0 < i < 1, we deduce that vy € N*(Xy,).

Next let 1 < ¢(W) = min{j: v; ¢ X}. We put (W) = by + 1 if vg,v1,...,v, € X. We
estimate the contribution to Q‘*1(y) from paths W for which /(W) = j for some fixed j.

Let P; be the set of paths length j we can grow rooted in X,,. Given |X,,| = N the number
of such paths at most |P;| < NA{. After we have grown X and P;, we can imagine that we
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grow Ty from y, only as far as level ly —j. Let Y, , =Y, ;\ X. We have [V, | < Af;z_j
and so bearing in mind the event D, given by (10), there are at most (a conditioned on D)

Bin(NA}|Ys,_;|,p) number of paths in P; which terminate at y. This binomial is gs at most
o(1)
noh.

After summing over j < {5 and using £,(¢1) we see that the number of paths that start at
x, reach Xgl after £; steps and finish with a path of length ¢, through Ty that uses an edge
from X to (Y \ X) is at most n°M(100/n)* = n°V). Furthermore, £,(¢;) also implies that
the number of vertices in Xgl that are the start of a path of length at most /5 to y, and that
use only edges in X, is at most (100/n)* = n°M) (y € X for this case).

This restricts the number of choices for vg. This also bounds the number of walks contributing
to Q@ (y) to n°Y since for such walks (i) there is a unique path from vy to y in Ty and (ii)
there are at most (100/1)" = n°®) walks that can use vy. Thus

no(l)

Pr (@) > =) — ofu?), (52

(clogn)to

Upper bound for R%*!(y). Observe that Lemma 9 implies that whp the set Y contains
at most |Y| edges. For, if Y contained more than |Y| 4 1 edges then it would contain two
distinct cycles C7, Cs. In which case, C, Cy and the shortest undirected path joining them in
Y would form a set S which satisfies the conditions of Lemma 9.

Thus there is at most one edge e = (u,, v,) contained in Y that is not part of 7y. We must
have u, € Y;,v, € Y; for some 0 # j > i — 1. Otherwise (uy,v,) € Ty.

Suppose first that j > ¢5. Then conditional on the occurrence of L,(¢3),Ey (see (15) for

the definition of £y) there are certainly less than AO% 8 (100/7n)% walks contributing to
RY*t!(y). The first term in this factor is the number of walks of length at most Zlog,,n
that start in X* and end at v, and the second factor bounds the number of walks of length
at most /3 that start at x and end at the starting point of such a walk. Thus under these
circumstances,

AZE ™ % (100/n)
(cnp)to

L3
Rbotl(y) < < n 172 (53)

Remark 4. This proves that if x,y are such that there are no extra edges within {5 of y and
if Lo(03), Ly, Ev occur, then with probability 1 — o(n=2), Pot(y) = (1 + 0(1))@%@).

Let ¢, be the distance from v, to y if v, exists, and ¢, = 0 otherwise. Let lg = {y + 1 — ¢, if
v, exists then from Remark 4,

Pr (Pfﬁ(vy) = (1+ 0(1))7‘18%(“@/)

Ea(gg), Eb, 5\/) =1- o(n_z).
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This is because £g > (14 55) log,,, 7 and we can repeat the arguments above with v, replacing
y and with a smaller value of 7. This assumes that the high probability event Lg described
in Lemma 9 occurs. In which case there is no edge (u,,,v,,) to deal with and we are in the
case described in Remark 4.

We write
Rt (y) < Ay

where A, is the probability that W, goes to y through v, and A; = 0 if v, does not exist.
Also,
Pr(W,,(¢,) =y) = O(1/np). (54)

So assuming v, exists

A; = PS(v,)PrOW,,(¢,) =y)
< (L4 0(1) 2Pr(W, (1) = 1)

for some constant Ay > 0.
Hence,

Pr(RY™(y) < Ay/n®p) | Lo(ls), Lo, Ev,§ < ls) =1 —o(n?)
and in conjunction with (53)

PI‘(H:L’,y : Rﬁo—l—l(y) > A2/n2p) | 'Ca(€3)> *Cba gV) = 0(1) (55)

Removing conditioning, it follows from equations (51), (52), (53) and (55) that whp for all
z,y €V,
deg” (y)

PI(y) < (1+0(1) =5

This completes the proof for Case I of Lemma 8.
Case II: np > nd.

We can deal with this case by using a concentration inequality (56) from Kim and Vu [13]:
Let T = (W, E) be a hypergraph where e € E implies that |e| < s. Let

Z = E weHzi
eclE i€e

where the w,.,e € E are positive reals and the z;,7 € W are independent random variables
taking values in [0,1]. For A C W, |A| < s let

4= Zwe H Z.

eck ice\A
eDA
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Let My = E(Z,4) and M;(Z) = maxa a;>; Ma for j > 0. There exist positive constants a and
b such that for any A > 0,

Pr(|Z —E(Z)| > a)\*/ MyM;) < bW |*"te™. (56)

For us, W will be the set of edges of K, the complete digraph on n vertices. E will beﬁthe set
of sets of edges in walks of length s = [2/0] between two fixed vertices x and y in K, and
we = 1. Z will be the number of walks that are in D, ,. In which case we have

(n)s—1p® <E(Z) < (14 o(1))n*'p*
M; < (14 o()n* = < (1+0(1)E(Z)/np  for j>1.

So My = E(Z) and applying (56) with A\ = (logn)? we see that for any z,y we have
Pr(Z > E(Z) + O(E(Z)n""*(logn)?)) < O(n™?).

Thus whp

ns—lps B 1 + 0(1)
((1 — €1)np)* n
This completes the proof of Lemma 8. O

Bi(y) < (1+0(1)) Y,y e V.

We can now give an upper bound complementing that in Lemma 7, thus completing the proof
of Theorem 2 in the case where Assumption 1 holds.

Lemma 11. Whp for ally € V,

deg(y)

m, < (1+0(1)~%

Proof It follows from Lemma 8 that whp, for any y € V', and s = ¢, + 1 that

Ty = ZmngS)(y) <(1+ 0(1))deg7_(y) Zﬂx —(1+ 0(1))degn;(y).

m
eV zeV

(57)

5.3 Removing Assumption 1

We will assume now that
1+0(1)<d<2.

We need to prove some additional lemmas. Let a vertex be small if it has in-degree or
out-degree at most logn/20 and large otherwise. Let weak distance refer to distance in the
underlying graph of D,, .
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Lemma 12.

(a) Whp there are fewer than n'/> small vertices.

logn

(b) Whp every pair of small vertices are at weak distance at least 19 = T0loglognt

apart.
(c) Whp there does not ezist a vertez v with max { deg* (v), deg™(v) } < logn/20.

(d) Re-call the definition of <*(v) from Theorem 2. Whp for all vertices y,

deg (2 B .
T~ o )+,

Proof
(a) The expected number of small vertices is at most

logn /20 n—1
n Z < i )pkqn 1-k O(n.1998)‘

Part (a) now follows from the Markov inequality.

(b) The expected number of pairs of small vertices at distance £1y or less is at most

2

410 logn/20 n—1
2 k_k k+1 - | n—1-—1
2n -
> 2y ("7 )

1=0
O(nlyo(2dlog n)“ 0+t (20ed) 8™/ 100 =2d) = O(n - nt/10eW) . pl/2 .5 =2) = o(1).

(c) The expected number of vertices with small out- and in-degree is O(n!=2%:8092) = o(1).

(d) For 1 < k < Ay let

1 1<k < s
= logn (loglogn)*
(loglogn)!' g feamr <k < Ay
Let ¢ = logllogn' The probability there exists a vertex of in-degree k € [1, Ag] with A in-

neighbours of degree outside (1 £ €)np, is bounded by

Ao n—1 k ) Ag nep , L
Zn( " )pkqn—l—k (}\k) (46—6 np/3)>\k S Z 2n1—d <T .92.n7¢ d)\k/(4k)) _ 0(1)
k=1

k=1

Now assume that there are fewer than \; neighbours of v of degree outside (1 &+ €)np. Then,
assuming at most one neighbour w of v is small,

5 deg™(z) {<1+0<e>>k 1<k < gty

T - logn
Ty QTG (10N b= M) +O0%) ol < < A
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This completes the proof of the lemma. O

Let weak distance refer to distance in the underlying graph of D, ,, and let a cycle in the
underlying graph be called a weak cycle.

Lemma 13. Whp there does not exist a small vertex that is within weak distance €1y of a
weak cycle C' of length at most {1q.

Proof Let v, C' be such a pair. Let |C'| =i and j be the weak distance of v from C. The
probability that such a pair exists is at most

L10 L10 logn/20 n—1
> iy o 3 2" )iy
=3 =0 1=0
= O(nt/10+oM) . p1/10+0() , p=4/5+0(1)) — (1),

5.3.1 Lower bound on steady state

For this we proceed as in Section 5.1 but initially restrict our analysis to large z,y. Also, we
do not include the small vertices when creating the X;,Y;. Our previous analysis holds up
with ¢ = 1/20 in the use of Lemma 5. Furthermore, avoiding the < n'/® small vertices (see
Lemma 12(a)) is easily incorporated because in the proof we have allowed for the avoidance
of n?/3+°W) vertices from |J; X; etc.

In this way, we show for all large =,y that whp,

deg”(y)

PE(y) 2 (1 - of1) 2

(58)

If x is small, then whp it will only have large out-neighbours (see Lemma 12(b)) and so if y
is large then

1 _
Pm(2£+2) (y) — — Z PZ(QZ—I—I) (y) Z (1 - O(l)) deg (y) . (59)
deg (LU) zENT(x) m
A similar argument deals with small y and = arbitrary i.e.
PPz deg(z) 1 deg” (y)
PP (y) = ————>(1-o0(1)) ) > (1—0o(1)) :
x - = o) =
N4 deg™(2) wevw deg™(2) m

(60)

We have used Lemma 12(d) to justify the last inequality.
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We thus obtain a proof that for all x,y, whp

PEA(y) > (1 - o(1) W),

(We apply the argument of (60) to (58) to replace ¢ + 1 by ¢ + 2).

The extra term ¢*(y) arises as follows:

(2¢+3) — _ "
(2643) 1,y _ Py (2) Y deg™(2) ., deg™ (y) + s*(v)
PP(y) ZENZ@) G =0 3 e () > (1= o(1)) == ===

ze€N~(y

Now we can proceed as in (45).

5.3.2 Upper bound on steady state

Returning to the proof of Section 5.2 we claim that Assumption 1 is only used in (49), (52),
(53) and (54). We now explain how these parts of the proof alter when Assumption 1 is
removed.

In (52) and (53) we used (cnp)® as a lower bound on the product of out-degrees on a path of
length ¢y. Using Lemmas 12 and 13, and noting that £y/¢1p < 11, we see that after dropping
Assumption 1 we can replace this lower bound by (cnp)®~1! and then the proof continues
unchanged.

The proof as is works perfectly well if we assume that y is large and if it has no small in-
neighbours and there is no small vertex in Y. We call such a vertex y ordinary. There is
flexibility in choosing n and using this we can assume that

deg™ (y)

PL(y) < (1+0(1) <

(61)
for all 1 <1 < /5 and ordinary y.

If y is small then from Lemmas 12 and 13 we can assume that all of its in-neighbours are
ordinary. This is under the assumption that 20y < f19 e.g. if n < 1/250. So in this case we
can use Lemma 12(d) and obtain for 1 <i < /5 that

ngh-l—i) (y) _ Pzgél—i_i_l) (6) < 1+ 0(1) Z deg_ (5)

B o1 des” ()

deg™ (€) m

§EN"(y) EEN~(y)

Suppose now that y is large and that there is a small vertex z € Y. We can assume from
Lemma 13 that Y does not contain any edge not in Ty. Either z = w € N~ (y) or, if not, let
w be the in-neighbour of y on the path from z to y in Ty
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Suppose first that z # w. The possible existence of vertices of small out-degree is allowed for
in the random variable D;; of Lemma 5, so the results of that lemma hold unaltered for w.
In the case where z = w then

fo+1 1+0(1) [ deg™ (w) deg™(u)
P (y) < m deg™t (w) Z deg™ (u)

(1+0(1)) (

m

ueN~ (y)\w

deg™ (y) +<"(y)) -

We have now completed the proof without Assumption 1.

6 Upper Bound on Mixing time

We next show that the mixing time 7" as defined in (4) satisfies

T = o(flogn) = o((logn)?) (62)
where £ is given by (23).
Define B
d(t) = max [P\ — P (63)
z,z'€

to be the maximum over z, 2’ of the variation distance between P and Pu,gf). Equation (44)
implies that

d(20+1) =o(1). (64)
Lemma 20 of Chapter 2 of Aldous and Fill [1] proves that

d(s +t) < d(s)d(t) and max|P" — .| < d(t)

and so (62) follows immediately from (64).

7 The Cover Time

We see immediately from (62) that Condition (b) of Lemma 3 is satisfied. The proof that
Condition (a) of Lemma 3 is satisfied, is as follows. We show below that whp for all v € V/

Rr(1) =1+ o(1). (65)
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Let A= 1/KT as in (6). The value of T = o(log®n) is given by (62). For |z| <1+ A, we have

T

Rp(z2) 21=> mla 21— 1+ 0" r=1-o0(1),

t=1 t=1

and thus for v € V, the value of p, in (7) is given by

deg™ (v)

P = (1+0(1)) (66)

Proof of (65): If d > (logn)?, then the minimum out-degree of D,,, is Q(dlogn). In which
case we have for any z,y

PrOW,(t) =y | Walt—1) — ) — O (dljgn). (67)

The expected number of returns to v € V' by W, is therefore O(T/dlogn).

If d < (logn)? then a first moment calculation shows that whp for every vertex v € V, there
is at most one edge from a vertex in N*(v) to {v} U N*(v) or from a vertex in N*(N*(v))
to {v} U NT(v) U NT(NT(v)). Similarly, there is whp at most one vertex within distance
10 of v that has in-degree or out-degree less than cnp (see (13)). Thus with probability
1—0(1/(logn)?), x = W, (3) satisfies dist(z,v) > 3 and then the probability of a return to v
is O(T/(logn)?) = o(1/logn).

7.1 Upper Bound on the Cover Time

For np = dlogn, d constant, let tg = (1+¢€)dlog (%) nlogn. For np = dlogn d = d(n) — oo
let to = (1 + €)nlogn. Here e — 0 sufficiently slowly so that all of the inequalities claimed
below are valid.

Let Th(u) be the time taken by the random walk W, to visit every vertex of D. Let U, be the
number of vertices of D which have not been visited by W, at step t. We note the following:

Cu=E(Tp(w)) = Y Pr(Ip(u) > 1), (68)

Pr(Tp(u) >t) =Pr(ITp(u) >t—1) = Pr(U;—y > 0) <min{l,E(U;_,)}. (69)

Recall that A,(t) denotes the event that W, (t) did not visit vertex v in the interval [T, ¢]. It
follows from (68), (69) that for any ¢t > T,

Co<t+14+> EU)<t+1+> Y Pr(Ays)). (70)

s>t v s>t
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Assume first that d(n) — oco. If T'= o(s) then (8) of Lemma 3 implies
Pr(A,(s)) < (14 0o(1))exp {—m} + O(e™ U/, (71)
n

Plugging (71) into (70) we get

(1—o(1))s —Q(s/T
Cy, < to+1+2n <exp{—7 + O (e~ U/ (72)
n

= (14 o0(1))to.

Now assume that d is constant. For v € V' we have
Pr(A,(s)) = (1+o0(1))exp{—(1 +o(1/logn))m,s} + O(e‘Q(S/T))

and

> (1— 0(1))degﬂ;(”).

In place of (72) we use the bounds on the number of vertices of degree k given in Lemma 4.

Thus
3

Cu<to+1+o0(1)+) S (73)
where i
S; = ZD(!{:)Zexp{—%}

D(k
¥ %e—u—oa»km/m

keK;

D(k) (d—1 (1+¢/2)k
my 20 (_d) |

keK;

IA

IN

For the main term,

am < nep\k (d— 1\ F</2k
< o - -
% < nd-1 ( k ) ( d )

k=cnp

4m (Cnp) e—ecnp/2d
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We have used the fact that (nep(d — 1))/(kd))* is maximized at k = np(d — 1)/d, and m =
dnlogn(1l+ o(1)) whp.

Continuing we get

D(k) (d—1 (14+¢/2)k
"S5 ()

S; <
keK,
15 2 /1N (+e/2)k
< m (loglogn)® (d—1
- k d
k=1
= o(m (75)

since D(k) < (loglogn)? and either (i) d—1 > (logn)~'/3 and K, = () or (i) d—1 < (logn)~/3

(see Lemma 4(a)). Similarly
D(k) d _ 1 (1+E/2)k‘
55 ()

keKo

Ao (1+€/2)k
(logn)* (d—1
<
< m) —— (g

= o(m) (76)

So

IA

since D(k) < (logn)* and either (i) d — 1 > (logn)~'/? and min{k € K5} > (logn)"/? or (ii)
d—1 < (logn)~'/3 (see Lemma 4(a)).

We now see that C, <ty + o(to) follows from (73)—(76).

7.2 Lower Bound on the Cover Time

For np = dlogn, d = O(1), let t; = (1 —¢€)dlog (d;fl) nlogn. For np = dlogn, d = d(n) — oo
let t; = (1 —€)nlogn. Here ¢ — 0 sufficiently slowly so that all inequalities claimed below are
valid.

Case 1: np < n’ where 0 < § <7 is a positive constant.
Let k* = (d — 1)logn, and let V = {v: deg™(v) = k* and deg" (v) = dlogn}. Whp the

o 10gn(2l’zccll—l))1 = (see Lemma 4(c)). Let us first work under Assumption 1 of

Lemma 4. In this case 74 = (d — 1)In(d/(d — 1)) = Q(1) and we write n* = n? °1)_ The

size [V| ~ n* =

maximum degree in D is Ay = O(np) and so V* contains a sub-set V;* of size n?~°(1) such
that v,w € V" and x € V implies
dist(x,v) + dist(z,w) > (logn)?>. (77)
dist(y, z) + dist(z,y) > 2(logn)?®, for y=v,w. (78)
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Each v € V}* has m, ~ &% and so we can choose a subset V** of size > n?~°) such that if
U1,V € V** then

1
|7Tv1 - 7Tv2| < n (79)

(logn)t0

d—1 2(d-1)
2dn’ dn

sized sub-intervals and then use the pigeon-hole principle.

Indeed, suppose that m, € [ } for v € V. Divide this interval into (logn)' equal

We can also assume that if v € V** then there is no edge joining two vertices within out-
distance < (loglogn)? of v. This removes only n°) vertices whp.

Now choose u ¢ V** and let VT denote the set of vertices in V** that have not been visited
by W, by time t;. Then E(|VT]) — oo, as the following calculation shows;

(V1)) > na—o) (exp {_M} _ O(e—mtlm)) T

m

where the last term accounts for possible visits before time 7.

We now drop Assumption 1 and assume that d = 1 + $ where v — oco. Equations (77),

(78) now hold for all v,w € V. This follows from a calculation similar to that given in Lemma
12(b). The size of V** is at least n*/(logn)'® and we can again write

E(VI) > ”7)10 (exp {_%} _ 0(6_9@1@))) 7

(logn m
— 0.

As in previous papers we can use the Chebyshev inequality in to show that VT # () whp, thus
completing the proof of Theorem 1. This will follow if we can prove that

Var([V1]) = o(E([VT])*) + O(IV[’n %) = o(E([V])?).
To establish this inequality, we will show that if v,w € VT then
Pr(A,(t1) NAu(t1)) < (14 0(1)Pr(A,(t1))Pr(A,(t1)). (80)

To prove this, we identify vertices v, w into a “supernode” ¢ to obtain a digraph D, with
n — 1 vertices. In this digraph ¢ has in-degree deg™ (v) + deg™ (w) = 2k*.

The stationary distribution of D,.
The arguments we used in Section 5 remain valid in D,, and thus
2k*

Ty~ (1= o(1)) .

However, we need to be more precise. Let 7* denote the vector of steady states in D, and for

a vertex x of D, let
) {m T#0o
g =

T +Tw T =0
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We will prove for all z € V(D,,), that
R A (51)
T — | = — .
* n(logn)®

Proof of (81).
Let £ = @ — 7 be the difference between 7 and 7*. Let P* be the transition matrix of the
walk on D,, then

P(z,y) T,y #o
Pi(a,y) = § (Po,y) + P(w,y))/2 z=0
P(x,v) 4+ P(z,w) y=o

Let & be the transpose of £. It follows from the steady state equations that

Ty =T, z ¢ N*({v,w})
(§'P")p = 71y — s + =" P(v,z) x€ Nt (v)

Ty — Ty + 5 P(w,z) x € NT(w)

We rewrite this as
I —P)=no (82)
where 1, = 0 for ¢ N*({v,w}) and |n,| < |7, — my|/2 otherwise.

Multiplying (82) on the right by M = ZZ:_Ol(P*)t we have
(I —PYM =¢(I—(P)") =n'M. (83)

But
(P =TI+ E (84)

where II is the (n — 1) x (n — 1) matrix with each row equal to (7*)’. It follows from Section
6 that each entry of E has absolute value bounded by n=3.

Now write £ = an* + ¢ where ¢ L 7*. It follows from (83) and (7*)'P* = (7*)’ that

(am™ +¢)/(I = (P)") = (I = (P)") =¢(I —TI - E) =0/ M.

Now &'II = 0 implies that ('II = —a(7*)'Il = —a(7*)" and so
(T = B) = /M — a(r.

As ¢ L 7* this implies that
(I = E)C=n"MC (85)
Note that

T—1
' M¢| <) [ (P < Tinll¢l. (86)
t=0
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Now )
n—1
(I = E) = (¢ = ¢E¢ = ¢ = n? <Z |<i|> > [(P(1=n7?). (87)
i=1
It follows from (85), (86) and (87) that

[C1*(1 = n72) < Tnli¢]
and so using (79) we find that

[q ZO(W). (88)
Now let 1 denote the (n — 1)-vector of 1’s. Then
0=1-1=(F-—7)1=€1=a+(1.
Using (88) this gives

1
ol < 11161 = 0 (7o )

Now &, = anm) + ¢, for all  and so

1 1 1 1
2 <9 2/ _%\2 2 2 — O . — = O —_— .
& < 207(ms) + 2, n(logn)i n? * n?(logn)6 n?(logn)16
This completes the proof of (81). O

Proof of (80).
For v € V**, we first tighten (65) to

R, =1+ o(1/(logn)?). (89)

Indeed (77) and (78) imply that for t+ < (logn)?? the walk W, will be at distance >
2(logn)?3 — ¢t from v. Then once the walk is at a vertex w within < (logn)%? of v its chance
of getting closer is only O(1/logn). This being true with at most one exception for a vertex
of low out-degree. The probability that there is a time ¢ such that W, is within < (logn)?/?
of v and it makes 10 steps closer to v in the next 100 steps is O(T(logn)™?) = O((logn)™7").
This implies (89).

Similarly,
R, = 1+ 0o(1/(logn)?). (90)

Using the suffix Pr, to denote probabilities related to random walks in D, it follows that

Pr,(A,(t)) < exp {_ (1+ O(iﬂi))ﬂztl} — o(e /D)

< o { A N 0]t
= (14 o(1)Pr(Au(t2)Pr(Au(t)).
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But, using rapid mixing in D,,

Pr,(A = Y PL(a)Pr,Wi(t) # 0, T <t <ty)
r#o
— Z ((1 - 0(1))degn;<x)) Pr,W,(t) #0,T <t <t)
r#o

On the other hand,
Pr(A,(t1) N A,(t1))
= Y Pl(@)PrW,(t) # v,w, T <t < t)

TH#V,W

S ((1 + 0(1))degT_(x)) PrOW.(t) # 0,0, T < t < #)

TH#V,W

But,
Pr,W,(t) £ 0, T <t <t;) =PrW,(t) #v,w, T <t <t)

because random walks from x that do not meet v,w or ¢ have the same measure in both
digraphs.

It follows that
Pr(A,(t1) N Ay(ti)) — Pro(A,(t1)) < O(n™%) + o(1)(Pr(A.(t) N Au(t)) + Pro(As(t)))-
This implies that
Pr(A,(t))N A,(t)) < (14 0(1))Pr (A (t)) + O(n?) <
(14 0(1))Pr(A,(t1))Pr(A,(t)) + O(n™?),

which completes the proof of (80). O
Case 2: np > n°.

In this range we take t; = (1 — ¢)nlogn and let V** be the set of vertices of degree |np|. A
simple second moment calculation shows that whp we have |V**| = n!/2+°(1) We then choose
¢ so that E(|V|) > n'/4. Tt is then only a matter of verifying (80). We define D, as in the

previous case and now use (56) to show that whp we have 7, > (2 —o0(1))/n. The details are
as in the previous case.

This completes the proof of Theorem 1. O
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