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Abstract

Nominal terms generalise first-order terms by introducing abstraction
and name swapping constructs. It aims to be a natural and simple way
to represent systems that involve binders. a-equivalence, unification,

matching and rewriting can be generalized to nominal terms.

This thesis shows that first-order and nominal theories are strongly
related. In particular, we extend first-order unification algorithms,
such as Patterson and Wegman’s linear one and Martelli and Mon-
tanari’s almost linear one, to nominal unification. We then present
a modular algorithm to solve nominal a-equivalence and matching
problems. The approach relies on name management abstraction and
stream manipulation. We show how choosing an appropriate name
management strategy leads, in some cases, to linearity in time. The
matching algorithm is then adapted to nominal rewriting, improving

in some cases the time complexity.

Handling name management, freshness constraints and specific re-
duction strategies simultaneously makes nominal algorithms intricate.
This thesis presents a high level and modular approach to the im-
plementation of nominal algorithms. Each nominal aspect is imple-
mented as a monadic layer. We show how the CPS hierarchy can
be used to separate the signature of each layer from its actual im-
plementation thus enabling to use different interpretation functions.
We also present a rewriting framework based on the previous nominal

rewriting algorithm and a term navigation monadic layer based on a
zipper.

For each of the algorithms, an implementation is available either in

the Haskell language or in the Objective Caml.
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Chapter 1

Introduction

This thesis is the result of my three years of research as a PhD student at the
Department of Computer Science at King’s College London. The subject was to
study nominal algorithms, both from a theoretical point of view by studying their
complexity and from a practical one by studying their implementations.

The notion of a binder is ubiquitous in computer science. Programs, logic
formulas, and process calculi are some examples of systems that involve binding.
Program transformations and optimisations, for instance, are defined as opera-
tions on programs, and therefore work uniformly on a-equivalence classes. To
formally define a transformation rule acting on programs, we need to be able to
distinguish between free and bound variables, and between meta-variables of the
transformation rule and variables of the object language. We also need to be
able to test for a-equivalence, and we need a notion of matching that takes into
account a-equivalence.

In The Implementation of Functional Programming Languages |41] Peyton-
Jones shows how manipulating terms up to a-equivalence is a big issue in the
implementation of functional programming language.

Nominal techniques were introduced to represent in a simple and natural
way systems that include binders [24, 42, 48]. The nominal approach to the
representation of systems with binders is characterised by the distinction, at
the syntactical level, between atoms (or object-level variables), which can be
abstracted (we use the notation [a]t, where « is an atom and ¢ is a term), and meta-

variables (or just variables), which behave like first-order variables but may be
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decorated with atom permutations. Permutations are generated using swappings
(e.g., (a b) -t means swap a and b everywhere in t). For instance, (a b)-Aala =
Alb]b, and (a b)-A[a]X = A[b](a b)-X (we will introduce the notation formally in
chapter 4.2). As shown in this example, permutations suspend on variables. The
idea is that when a substitution is applied to X in (a b)-X, the permutation will
be applied to the term that instantiates X.

As atoms are just names, we want to identify [a]a and [b]b and even [a] X and
[b] X with some conditions. Permutations of atoms are one of the main ingredients
in the definition of a-equivalence for nominal terms, they are the translation tables
from one term to another. Obviously such translations are subject to conditions,
[a]X and [b]X can only be identified if neither a nor b are unabstracted in X. The
constant management of such translations and conditions is what makes finding
and implementing good nominal algorithms not an easy task.

As we will see in this thesis, we managed to show that unification of nominal
terms can be done in quadratic time and that a-equivalence and matching prob-
lems can even sometimes be done in linear time and space. Implementing these
algorithms was not an easy task because of the amount of subtle atom manage-
ment details. We found an elegant and easy way of programming with nominal
terms, handling as many details as possible automatically and efficiently.

Such an implementation was possible thanks to the visit the author made at
the BRICS [1] PhD school with Olivier Danvy. This is where the second big
aspect of this thesis was developed: continuations. Chapter 3 is a result of the
thought developed during the visit. The whole Haskell implementation is based
on it. It enabled the implementation to be clearer, more flexible and manageable.

The main contributions of this thesis are:

e A study of relations between nominal theory and first-order theory. We
present a morphism between nominal theory and first-order theory. This
morphism enabled us to extend algorithms and properties in first-order

theory to nominal theory.

e A quadratic nominal unification algorithm, the most efficient unification

algorithm yet.
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e An almost quadratic nominal unification algorithm: while being almost as
efficient as the one above, it is also very easy to use, to maintain and to

extend, which makes it often the best choice in practice.

e A polynomial nominal algorithm based on graph reduction: it gives inter-

esting results and techniques for rewriting up to a-equivalence.

e An efficient, very modular algorithm for nominal a-equivalence and match-
ing: its complexity is linear on ground problems, log-linear on linear prob-

lems, which is very frequent in practice.

e An implementation of monadic classes which makes them first-class citizen
of the language and makes the instantiation explicit: it makes monadic
towers much simple by giving them a concrete representation. It can also
bring monadic classes to some languages which do not natively support
them.

e A nominal framework made of monadic layers handling different nominal
aspects (permutations, sets of atoms, freshness contexts, environments, . . . )
to ease the development of program manipulating nominal terms. With is
programming with nominal terms is almost as easy as programming with

first-order terms.

The thesis is structured as follows:

The first part presents general results. Chapter 2 presents briefly the Haskell
programming, language, its syntax, monads in computer science and continua-
tions. Chapter 3 introduces nominal theory: nominal terms with several syntaxes
and how they are related, nominal problems and implementation of permutations
and sets.

The second part is about solving nominal unification problems. Chapter 5
shows how to represent nominal terms as directed acyclic graphs. This rep-
resentation is used to present, in chapter 6 a quadratic algorithm for nominal
unification based on a linear first-order algorithm. Chapter 7 introduces a more
practical and still efficient algorithm. Finally chapter 8 presents a polynomial

algorithm based on graph rewriting.
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The third part is about solving a-equivalence and matching problems. Chap-
ter 9 presents, in an abstract way, a very modular algorithm to solve a-equivalence
and matching problems. Chapter 10 describes its implementation and proves its
complexity. Finally, chapter 11 presents a simple nominal rewriting algorithm
based on this algorithm and a zipper.

The last part of the thesis concludes and shows the actual implementation
of the algorithms written in Haskell and Objective Caml. The code has been
put in the appendices for two reasons: because it is the most precise description
of the algorithms presented in the thesis, and as a real world example of the
implementation techniques developed in the thesis. The code can also be found
at [5].

13
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Chapter 2

Presentation of Haskell and

Continuations

Most of the implementations presented in this thesis are written in the Haskell
programming language. This section presents briefly the main aspects and the
syntax of the language to enable the reader to understand the examples. For
a detailed description, please refer to the Haskell 98 Revised Report [3]. The
implementations use many extensions not present in the report but described
in the GHC documentation [2]. To learn about the language, the Haskell web
site [4] is a good entry point.
Haskell is defined in the Haskell 98 Revised Report as

Haskell is a general purpose, purely functional programming lan-
guage incorporating many recent innovations in programming lan-
guage design. Haskell provides higher-order functions, non-strict
semantics, static polymorphic typing, user-defined algebraic datatypes,
pattern-matching, list comprehensions, a module system, a monadic
I/O system, and a rich set of primitive datatypes, including lists, ar-

rays, arbitrary and fixed precision integers, and floating-point num-

bers. Haskell is both the culmination and solidification of many years

of research on non-strict functional languages.

“Purely functional‘ means that the value of any expression in Haskell only

depends on the expression itself and not the context. As a consequence, values are

15



2.1 Haskell Syntax

persistent and when applied to the same arguments, a function always returns the
same value. "Non-strict semantics means that it is possible that an expression
returns a value (not L) even if some of its subexpressions evaluate to L. For

example, let us consider the following Haskell code:

1 let loop () = loop ()
2 f X - 0
3 in f (loop ())

where loop is a recursive function taking () as argument and looping on itself
and f is a function ignoring its argument and returning 0. loop () never terminates
but f (loop ()) still returns 0.

2.1 Haskell Syntax

Definitions Variables are defined by:

1 var = expression
where var is the variable name and expression an expression. Variables are im-
mutable in Haskell, so variables can be seen as identifiers for their expressions. In

Haskell, definitions are recursive, which means that var can appear in expression.

For example, the following code defines an infinite list of O:

1 list = 0 : list

Functions In Haskell, a function is an expression of the form:

1 \argl ... argn —> expression
where n > 0 and argl to argn are the n arguments of the function. The character \
represents A in A-calculus. Because functions are expressions, they can be assigned

to variables as any expression. For example the function f defined above could
have been defined by:

1 f=\x — 0

For the sake of simplicity, a simpler way to define functions is:

1 f argl ... argn = expression

16



2.1 Haskell Syntax

where f is the name of the function.

If an argument is not used in the body of the function, it can be replaced by

Type declarations In Haskell, declaring that the variable variable has the type

type is written variable :: type . For example, list and f could have been defined
list :: [Integer]
list =1 : list

f :: a —> Integer
fx=0

which means list is a list of integers and f is a function whose argument can

be of any type and returns an integer.

Pattern-Matching Haskell supports pattern-matching. It can be used in sev-

eral ways:

e by a case expression:

1 case expression where
2 patternl —> expressionl
3
4 patternn —> expressionn
where expression, expressionl, ..., expressionn are expressions and patternl to

patternn are patterns. The value of the case expression is the value of the
expression of the first pattern (from patternl to patternn) to match the value

of expression.

e in a function definition:

1 f patternl = expressionl
3 f patternn = expressionn

which corresponds to

17



2.1 Haskell Syntax

1 f x = case x of

2 patternl —> expressionl
3

4 patternn —> expressionn

User-defined algebraic datatypes Users can defined their own algebraic

datatypes. The syntax is:

1 data DataTypeName args =

2 Constructorl argsl

s

4 | Constructorp argsn
where DataTypeName is the name of the data type, args a list of type variables,
Constructorl to Constructorn n constructors where argsl to argsn are the lists of the
types of the arguments of their corresponding constructor.

For example, the following code defines a parametrized binary tree data type:

1 data Tree leaftype =

2 Empty
3 | Leaf leaftype
4 | Node (Tree leaftype) (Tree leaftype)

Type classes Type classes are the Haskell way to implement ad-hoc polymor-
phism. Let us consider the equality function (==), which takes two arguments
and returns whether or not they are equal. In Haskell this function has the type
(==) :: (Eq a) =>a —> a —> Bool. (Eqa) => is a type constraint, it means that
the type a has to be an instance of the class Eq which is defined as:

1 class Eq a where
2 (==) :: a —> a —> Bool
3 (/=) :: a—> a —> Bool

which means that to be an instance of Eq, a has to provide the two functions
(==) and (/=), both of type a —> a —> Bool.

18



2.2 Monads

2.2 Monads

Monads are a general way to represent hidden computation [36]. In Haskell,
among other things, they provide a simple way to implement side effects. A
monad in Haskell is a datatype which is an instance of the Monad class (simplified
version):

1 class Monad m where

2 return :: a —>m a

3 (»>>=) ::ma-—>(a—>mb)—>mb

The idea is that you can inject a value into a monad (return) and bind a

monad with a function ((>>=)) but you cannot, in general, retrieve a value from

a monad. For example, the datatype of lists is a monad:

1 instance Monad [| where
2 return x = [x]
3 m>>=f = concat (map f m)

return x returns the list containing only the element x and (>>=) maps every
element of the list m by the function f of type a —> [b] and returns the list of all
the generated elements.

Input/Output operations are implemented in Haskell via an abstract monad
I0. On the contrary to most programming languages, input/output operations

have to be executed only in the IO monad and nowhere else.

2.3 Continuations

Continuations were introduced by Landin [32] to be the functional counterpart
of jumps in programming languages (GOTO). They have known since a big de-
velopment. In this thesis we will not use any of the many control operators that
have been introduced since Landin’s J operator but plain and simple code in con-
tinuation passing style in the form of a slight variation of the usual Haskell

continuation monad (simplified version):

1 data Cont r a = Cont (a —> r) —> r

19



1

2.3 Continuations

which means that a code in continuation passing style which takes a function
as argument called the continuation and returns value. The continuation rep-
resent "the rest of the computation®. For example, the following code just gives

the value 5 to the rest of the computation:
gived = Cont (\k —> k 5)

The following code, if the second argument is 0 does not execute the rest of
the computation, instead it returns directly a string saying there was an error:
div x y = Cont § \k — if y ==

then "division_by_zero"
else k (x / vy)

Code in continuation passing style can decide whether or not they want to
continue the computation and even how many times to do it. For a more detailed
description of continuation passing style (CPS) and how to how to transform any
code into CPS, please refer to [15, 16, 46].

20
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Chapter 3

First-Class Monadic Signatures

A monadic signature is an abstract monad along with a set of operations on it.
The usual way of doing it is, in Haskell, to define a class. In Objective CAML, we
would declare a module signature even if it is not the same thing. Classes are not
first-class citizens in either Haskell or Objective CAML. We present a way to do
so in Haskell. The implementation relies on the use of existential quantification in
datatypes, rank n polymorphism and higher kinded type constructors. It might
be possible to do the same in Objective Caml, but not as easy as with Haskell.
That is why we present it in Haskell.

The idea is similar to defunctionalization [17, 46]. The abstract monad op-
erations are represented by a datatype, the abstract monad being implemented as
a concrete continuation monad. As in defunctionalization, concrete instantiations

of the monad are implemented by an interpretation function.

3.1 A simple example

In this example we consider a class with logging capabilities. It contains a single
operator write taking the string to log and returning the number of char written.
The usual way of doing it in Haskell is the following:
class (Monad m) => Log m where

write :: String —> m Int

The constraint (Monad m) => ensures that m is also a monad. Let us consider

a piece of code using write

21
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3.1 A simple example

test :: (Log m) = m Int
test = do x <— write "First__write\n"
y <— write "Second_write\n"
return (x + y)
Indeed the constraint (Log m) => ensure that m is an instance of Log. Two
instances of Log could be: the state monad with a string state (State String),
write s would append s to the state and the IO monad (10), write s would print s

on the standard output:

instance Log (State String) where
write s = modify (\1 — 1 ++ s) >> return (length s)

instance Log IO where
write s = putStr s >> return (length s)

and the monad m in test can be instantiated as any of them:

testState :: State String Int
testState = test

testIO :: IO Int
testIO = test

Let us define writeState and writeIO as

writeState :: String —> State String Int
writeState s = write

writelO :: String — I0 Int

writelO s = write

We present now another way to implement and instantiate the class Log with-
out class constraints, based on continuations. The Log class is implemented as

the datatype :
data DLog r = DWrite String (Int — r)

and the abstract previous monad m satisfying the class Log is implemented as the
concrete continuation monad.

The idea is, when an operation of the class is called, to stop the computation
and return the constructor corresponding to the invoked call, with its arguments

and the captured continuation. DWrite would be something like

22



3.1 A simple example

dwrite string = Cont $ \continuation —>
DWrite string continuation

Unfortunately this is not that simple. Returning DWrite string continuation re-
quires that r is of type DLogr. Furthermore, the rest of the computation may
contains other calls, so other DWrite string’ continuation’ and finally, if it exists, the
final value of the computation. To make all this work finely we need to introduce

a data type for such a sequence of calls possibly ended by a final value:

data SCall datatype finalvalue =
End finalvalue
| Call (datatype (SCall datatype finalvalue))

when datatype is DLog, it gives (in pseudo Haskell) :

data SCall DLog finalvalue =
End finalvalue
| Call (DWrite String (Int —> SCall DLog finalvalue))

what is what we need.

dwrite is then implemented as

dwrite :: String —> Cont (SCall Log finalvalue) Int
2 dwrite string = Cont (\cont —> Call (DWrite string cont))

Instantiation is made by an interpretation function for DWrite string continuation.
This function actually writes string and resume the continuation with the return-
ing value. For example, the interpretation functions for the two previous instances

(State String and IO) are:

interpretState :: DLog a —> State String a
interpretState (DWrite s k) = do r <— writeState s

return (k r)

interpretIO :: DLog a —> IO a
interpretIO (DWrite s k) = do r <— writelO s

return (k r)

the final building block is an instantiation function. It takes two arguments:
an interpretation function (such as interpretState and interpretIO) and an abstract
computation and interprets the stream of calls with the interpretation function,

thus instantiating the computation:

23



3.2 A specialized continuation monad

instantiate :: (Monad m) =>
(theclass (SCall theclass a) — m (SCall theclass a))
—> Cont (SCall theclass a) a

—>m a
instantiate interpret t = aux (runCont t End)
where aux (End 1) = return r
aux (Call ¢) =do n <— interpret c

aux n

For example test is simply

dtest :: Cont (SCall DLog e) Int
dtest = do x <— dwrite "First__write\n"
y <— dwrite "Second_write\n"

return (x + y)

and instantiated with

dtestState :: State String a
dtestState = instantiate interpretState dtest

dtestIO :: IO a
dtestIO = instantiate interpretIO dtest

3.2 A specialized continuation monad

We introduce a variation of the continuation monad, specialized to our needs.

We have seen in the previous section that the continuation was of type
a —> SCall datatype final

final can also be universally quantified.

Vfinal (a — SCall datatype final) — SCall datatype final

which gives in Haskell

newtype SCont datatype a = SCont { unSCont
forall r . (a —> SCall datatype r) —> SCall datatype r) }

SCont theclass is a monad:

24
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2

3

3.3 A more complex example

instance Monad (SCont theclass) where
return a = SCont § \k — k a
(SCont m) >>= f = SCont $§ \k — m (\x —> unSCont (f x) k)

and

return a >>=f & fa
m >>= return = m
(m>>=f)>>=9 ©m>>= A — fa >>=g)

This a particular case of the general continuation monad:

newtype LContT m a = LContT { unLContT
forall v . (a—>mr) —>mr }

which is just the usual ContT continuation monad transformer (see section 3.5)
with universally quantified return type.

Jaskelioff calls in [28| this monad the codensity monad. Jaskelioff’s coden-
sity monad seems to come from considerations in category theory. For the scope

of this thesis, this is just a continuation monad.

3.3 A more complex example

Let us consider a monadic class for exception handling:

class Monad m => MonadError m error where

throwError :: error —> m a

catchError :: m a —> (error —> m a) —> m a

This is not the real Haskell MonadError defined in the Monad transformer
library but a simplified version of it without error messages. The semantic of
throwError and catchError is not important here as our only concern is correctly
implementing the signature and instantiation. As before we want to implement

the class MonadError as a data type DMonadError and throwError and catchError as

dthrowError error —
SCont $ \k —> Call (DThrowError error k)

dcatchError v h =
SCont § \k —> Call (DCatchError v h k)
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3.3 A more complex example

error is a parameter of MonadError, it has to be also a parameter of DMonadError.
a is a universally quantified type variable in throwError and catchError, it has to be
also universally quantified in DThrowError and DCatchError. Furthermore, because
the abstract monad m satisfying MonadError will be implemented as the concrete
SCont (DMonadError error) monad. The arguments of dcatchError have to be of
type SCont (DMonadError error) a and error —> SCont (DMonadError error) a instead
of m a and error —> m a. The datatype implementing MonadError is then:

data DMonadError error r =
forall a . DThrowError (a —> r)
| forall a . DCatchError (SCont (DMonadError error) a)
(error —> SCont (DMonadError error) a)
(a —> 1)

In practice it is easier to define DMonadError as

data DMonadError error mc r =
forall a . DThrowError (a —> r)
| forall a . DCatchError (mc a)
error —> mc a)
a —>r)

(
(
(
(

and modify SCall to instantiate mc to SCont theclass:

data SCall datatype finalvalue =
End finalvalue
| Call (theclass (SCont datatype)
(SCall datatype finalvalue)

)

As expected dthrowError and dcatchError are

dthrowError :: error —> SCont (DMonadError error) a

2 dthrowError error —

SCont § \k —> Call (DThrowError error k)

dcatchError :: SCont (DMonadError error) a
—> (error —> SCont (DMonadError error) a)
—> SCont (DMonadError error) a
dcatchError v h = SCont $§ \k —> Call (DCatchError v h k)
The interpretation function follows the same principles as before but we

can not directly give the arguments stored by dcatchError to catchError because
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3.4 General morphism

dcatchError arguments are of types SCont (DMonadError error) a and

(error —> SCont (DMonadError error) a whereas catchError accepts arguments of types
m a and error —> m a where m is an abstract monad satisfying the MonadError class.
So we have to map arguments from SCont (DMonadErorr error) to m what is exactly

what instantiation is. The interpretation function is then:

interpretError :: (MonadError error m) =>
DMonadError error
(SCont (DMonadError error))
(SCall (DMonadError error) a)
— m (SCall (DMonadError error) a)

interpretError (DThrowError error k) =
do v <— throwError error

return $ k v

interpretError (DCatchError m h k) =
let m’ = instantiate interpretError m
h’ e = instantiate interpretError $ h e
in do v <— catchError m’ h’

return $ k v

Obviously the instantiation function from SCont (DMonadError error) to m is

instantiateError :: (MonadError error m) =>
SCont (DMonadError error) a —> m a

instantiateError = instantiate interpretError

3.4 General morphism
On a general manner we can see all previous monadic operations as

1opuVB Fm—my

where F is a functor from the category of monads to a category C.
In the case of write, C' is the category of strings (String). For throwError, C is
the categories of values of type error. For catchError, C is the category of values

of type
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3.4 General morphism

(m a, error —> m a)

. write (resp. throwError) takes the same arguments of dwrite (resp. dthrowError)
because in this case

(Log m) =>F m = F (SCont DLog) (resp.
(MonadError error m) =>F m = F (SCont (DMonadErorr error))

. But in the case of catchError,
(MonadError error m) = F m # F (SCont (DMonadErorr error))
so to interpret DCatchError we had to map the arguments from

SCont (DMonadError error)

to m. The piece of code

1 let m’ = instantiate interpretError m
2 h’ e = instantiate interpretError $§ h e
3 in

is actually equivalent to
1 let (m’,h’) = F (instantiate interpretError) (m , h) in

because instantiate interpretError is a function of type
(MonadError error m) =>SCont (DMonadError error m) a =>m a

so F (instantiate interpretError) maps arguments of dcatchError to arguments of catchError.

Let us formalize the transformation and consider the following class:

1 class Monad m = TheClass m @ where;
2 op, VB .Ftm—my;
3

.y

4 opp::VBp.Fpm—Hnyp

where (Monad m) => indicates that m has to be a monad. op, are the p

operations that m has to implement. @ and /3, are lists of distinct type variables.
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3.4 General morphism

1 op, = V(m % — %) @ B, . (TheClass moveralpha) = F; m — m y;

@ are class parameters common to every op, whereas B, are not parameters of the
class but specific to every op,. Such a class is called a monadic class signature.
The complete type of each op, is
The class TheClass is implemented as the algebraic data type with existential

quantification TheDataType, called a monadic signature datatype:

1 data DataType a nr =;

2 VB, .0p; (F1n) (y1 —7);

.

3

4 |VB,.0p, (Fyn) (yp = 1)
Every Op, is the constructor corresponding to op,. It has type

1 Op; =Vanr ;. Fyn— (y; —r) — DataType @ n r

The general form of SCall and SCont are

data SCall datatype e =
End e
| Call (theclass (SCont datatype)
(SCall datatype e)

)

newtype SCont datatype a = SCont { unSCont
forall e . (a — SCall datatype e) —> SCall datatype e

}

For the correctness of the transformation, using directly the constructors End
and Call will be forbidden. The following function call will be used to implement

monadic calls:

call :: (forall r . (a — r) —> datatype (SCont datatype) r)
—> SCont datatype a
call a = SCont (\k —> Call (a k))

every op_i is then implemented as:
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3.5 Monadic Tower and the CPS Hierarchy

Ju—

dop, :: Va 3, . F; (SCont datatype) — SCont datatype ¥;;
dop, t = call (Op; ?)

[V

1 interpret (Op, t) =do r <« op, (F; (instantiate interpret) t);

2 return (k r)

and interpretation functions as:
The instantiation function becomes:
instantiate :: (Monad m) =>

(datatype (SCont datatype) (SCall datatype a)
— m (SCall datatype a)

)

—> SCont thecall a —> m a

instantiate interpret t = aux (unSCont t End)
where aux (End 1) = return r
aux (Call ¢) =do n <— interpret c
aux n

3.5 Monadic Tower and the CPS Hierarchy

Monad transformers [29] are a way to build a new monad on top of another one.
It enables us to combine monads and thus their effects instead of having to define
a monolithic monad. For example, let m be a monad. To add a global state to m,

we can simply use the StateT monad transformer defined in the GHC library as:
newtype StateT s m a = StateT { runStateT :: s —m (a,s) }

StateT s m is the monad with as a global state of type s and two operations get
and put to fetch the state or put one. Because it has been made from m, it has
the behavior or m.

We can use another monad transformer on it: for example, to give StateT s m

the capabilities of the list monad, we can use the ListT transformer:

newtype ListT m a = ListT { runListT :: m [a] }

ListT (StateT s m) is then a monad with the behavior of m, a global state and

multiple computation branch capabilities. Monad transformers provide a function
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3.5 Monadic Tower and the CPS Hierarchy

to lift any computation in a monad m (m a) to a computation in the transformed
monad (t m a) where t is the transformer. For example, for StateT, the lifting

function is:

lift :: (Monmad m) => m a —> StateT s m a
lift m = StateT § \s —> do
a <— m

return (a, s

Stacking transformers this way gives what is called a monadic tower. Each
transformer in the tower is called a layer. The lowest layer is the initial monad
and the uppermost layer is the transformer at the top of the stack.

The transformation to first-class monadic signatures can be extended very
easily to monad transformers. The implementation can be found in appendix A.2
and practical examples of monadic towers made of first-class monadic signatures
are all around the thesis and the implementation.

Let us consider an example of tower made of monadic classes and its trans-
formed version using first-class monadic signatures. Let us take Log as the lowest
layer, then add a monad transformer implementing a state monad and finally one
implementing exception handling:
exampleoftower :: ( MonadState [Char] (t (t1 m)),

MonadTrans t,
MonadError [Char| (t1 m),
MonadTrans t1,
Log m) =>
t (t1 m) [Char]
exampleoftower = do s <— get
if null s

then lift $ throwError "empty_state"
else lift § 1lift $§ write s

t and t1 are monad transformers, t1 implements a MonadError, t implements
a MonadState and m has to satisfy Log. The same example can be expressed with

out approach:

dexampleoftower :: SContT (DState [Char])
( SContT (DMonadError [Char])
( SCont  DLog )) [Char]

dexampleoftower = do s <— dgetT
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3.5 Monadic Tower and the CPS Hierarchy

5 if null s

6 then lift $§ dthrowErrorT "empty_state"
7 else lift $ lift $ dwrite s

8 return "Ok"

We believe it to be much easier to read and in practice and because first-class
monadic signatures use explicit instantiation, it also makes the life of the typing

inference algorithm better.

Remark 1 First-class monadic signatures being implemented via continuations.
Towers made of First-class monadic signatures are actually in the CPS hierar-
chy [9, 18]

3.5.1 Lifting operations

To catch the error thrown in the previous example, we would naively write:
1 catchError exampleoftower (\ _ —> return "Not_OK")
Unfortunately it does not work because exampleoftower is not of type (t1 m) [Char]
but t (t1 m) [Char]. It is even clearer with dexampleoftower: dcatchError expects a
SContT (DMonadError error) DOTS but dexampleoftower is a SContT (DState [Char|) DOTS.

Fortunately there exists a technique to lift monadic operators.

Let us consider a monadic operation op over a monad m:
op:VB.ma—ma

and a monad transformer t. We want to lift op to t m. op does not accept
arguments of type t m a but it does accept arguments of type m (t m a). The
return value is then also of type m (t m a). By lifting it we get t m (t m a). We
only have to join it to get a value of type t m a.

The lifting operation is then for op:

1 liftedOp t = join $ lift $ op (return t)

On a general manner, for a monadic operation op:
op:VB.Fm—muy

the lifted operation is
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3.5 Monadic Tower and the CPS Hierarchy

liftedOp t = join $§ lift $ op (F return t)

This technique has been used by Filinski |23] to implement its monadic layers.

The composition join . lift corresponds to glue function.

For catchError we get:

liftedCatchError :: (Monad (t m), MonadTrans t, MonadError e m) =>
tma—> (e —>tma)—>tma
liftedCatchError t h = join $ lift $ catchError (return t) (return

liftedDCatchError :: (Monad m) =>
SContT theclass
( SContT ( DMonadError error) m) a
—> (error —> SContT theclass
( SContT (DMonadError error) m) a)
— SContT theclass
( SContT (DMonadError error) m) a
liftedDCatchError t h = join $ 1liftSContT $
dcatchErrorT (return t) (return . h)

what is exactly what we want. Unfortunately, even it the types are correct,
this transformation is not correct for every monad. It is not for the Maybe,
Either error and ErrorT error m monads provides in the Monad Transformer Li-
brary. Jaskelioff presents in |27, 28] a general lifting way. We present in the next
section a way to get the monad right right using backtracking. It seems that

Jaskelioff’s approach is the categorical general counterpart of the backtracking

ad-hoc solution.

3.5.2 Well behaved Error Monad

The usual error monad is as follows

data Either errror value = Left error
| Right value

and its implementation is

instance Monad (Either error) where
return v = Right v

m>>— f = case m of
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3.5 Monadic Tower and the CPS Hierarchy

Left error —> Left error

Right value — f value

Let us introduce a very simple monad transformer, the identity transformer:

newtype IdentityT m a = IdentityT { runldentityT :: m a }
deriving (Monad)

liftIdentityT :: m a —> IdentityT m a
liftIdentity T = IdentityT

instance MonadTrans IdentityT where
lift = liftldentityT

Now let us try to lift catchError to IdentityT (Either error)

liftedCatchError t h

= join § lift § catchError (return t) (return . h)

= join § lift § catchError (Right t) (return . h)

— join § lift $ Right t

= join § IdentityT (Right t)

= IdentityT (Right t) >>= (\x — x)

=t
so whatever t is, liftedCatchError will never catch the exception. Let us assume
that t is an exception. Right t is not one, so catchError (Right t) (return . h) is
right returning Right t. The problem is the computation should backtrack when
t is reached so that h can be called. Because continuations are very well suited
for backtracking, we add a continuation layer to the monad: the well behaved
Error error monad is thus defined as LContT (Either error).

throwError is straightforward:

throwError :: error —> LContT (Either error) a
2 throwError e = lift $§ Left e

catchError m h runs m and if and exception is raised, backtracks on h. The
backtracking is done by running m and h with the current continuation where
catchError is called:
catchError :: LContT (Either error) a
—> (error — LContT (Either error) a)

—> LContT (Either error) a
tryErrorT m h = LContT $ \k —>
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3.6 Conclusion

case unLContT m k of
Left e — unLContT (h e) k
Right v — Right v

Now the operations of the exception handling layer can be lifted to any layer.

3.6 Conclusion

We have seen in this chapter how to implement monadic signatures via the CPS
Hierarchy and and how a continuation monad can transform a problematic monad
into a well behaved one. The Haskell code provided in appendices relies a lot on
first-class monadic signatures. One of the goals of doing so was to prove that,
using it, even towers with lots of layers can still be readable and manageable.
Another positive aspect of the approach is efficiency: using the continuation
monad to implement a given monad can be faster if there are few calls to the

operations of the monad.
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Chapter 4

Nominal Theory

This chapter introduces nominal terms and problems. We present several syntaxes
for nominal terms. FEach of them has its own benefits. We show how theses
syntaxes are related and that they are all different facets of the same objects:

terms with names.

4.1 Graphs and Trees

Definition 1 A directed graph is a pair (S,,Se) where S, is a set of elements
called nodes and S, C S,, X S, a set of edges. A edge e is a pair of nodes (o,d)
written 0 —, d. o is the origin and d the destination of the edge. e is said to be
an incoming edge for d and an outcoming edge for o.
An undirected graph is a graph whose edges (0,d) and (d,o0) are identified.
Its edges have neither origin nor destinations but two extremities (without order).
A root of a directed graph is a node without incoming edge. A leaf is a node

without outcoming edge.
Examples of graphs are given in section 5
Definition 2 A path in the graph is a sequence
(N1 —e n2), (N —e N3y, (N1 = 1y)

such that the origin (resp. destination) of an edge is the destination (resp. origin)

of the previous (resp. following) one in the sequence. For example

(N1 —e n2), (N2 —e N3), (N3 = M)
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4.2 Nominal Terms

15 a path but
(N1 —e n2), (N3 = na), (N2 —¢ N3)

s not. ny s called the origin of the path and n; its destination.

Definition 3 A directed acyclic graph is a directed graph without cyclic path.
A tree is a directed acyclic graph with exactly one root and every other node

has exactly one incoming edge.

Size

Definition 4 (Size) The size of an object e is written | e |.

Definition 5 The size of a tuple (eq, ..., e,), a sequenceey, ... e,, alistler, ..., e,]

or a set S, when considered as mathematical objects, is defined as
o |(e1,. en) |=ler [+ 4 e |
e e, en|=len |+ 4 e |
o [[er, .. en]|=ler |+ 4 en |

o |S|=2ues ||

When considered as concrete objects (in the implementation), their size is the

size of their representation.
Definition 6 The size of a graph d = (S,, Se) is defined as

| d|=[5n |+ ]S

4.2 Nominal Terms

In this section, we present several syntaxes of nominal terms. Let ¥ be a denu-
merable set of function symbols f, ¢, ...; X a denumerable set of variables
X,Y,...; and A a denumerable set of atoms a, b, ... We assume that ¥, X, and
A are pairwise disjoint. X, X', and A are defined for the whole thesis: unless
stated otherwise, all atoms (resp. variables or functions) will be considered as
elements of A (resp. X or X).
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4.2 Nominal Terms

Definition 7 (Size) The size of an atom a, a variable X or a function symbol
f s defined as
lal|=[ X |=[f]=1

In the intended applications, variables will be used to denote meta-level vari-
ables (unknowns), and atoms will be used to represent object level variables.
A swapping is a pair of (not necessarily distinct) atoms, written (a b). Per-

mutations 7 are lists of swappings, generated by the grammar:
mu=Id|(ab)or

where Id is the identity permutation. We write 7! for the permutation ob-
tained by reversing the list of swappings in 7. We denote by mo7n’ the permutation
containing all the swappings in 7 followed by those in 7’. Set set of permutations

is written II.
Definition 8 (Size) The size of a swapping (a b) is defined as
| (ab) |=2

Because permutations are sequences of swappings, their size is the size of se-

quences.

Definition 9 (Terms) In all the syntaxes presented here, nominal terms, de-
noted s,t,u,..., are trees made of atoms, variables, function symbols, abstrac-
tions [alt, tuples and permutations. A(t) (resp V(t)) denotes the set of elements
of A (resp. X) that occur in t. A term t is ground if V(t) = 0. For example,
AMala is a ground term, and V(Aa](X, X)) = {X}.

A pair of a permutation 7 and a variable X is called a suspended variable,
written 7- X ; we say that 7 is suspended on X. The application of a permutation

7 on a term ¢ is denoted 7-f.

Definition 10 (Size) The size of an abstraction [alt or a suspension w-t is de-

fined as

o [[alt|=3+Tal+]t]
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4.2 Nominal Terms

o |mtl=1+]m[+][1]

The definition of the size will depend on the syntax but will always be the size
of the graph representing them.

A substitution over the set of terms 7 is generated by the grammar:
ox=Id|[X —tlo

where ¢t € T. &7 denotes the set of substitutions over 7. The composition of

permutation, written o o o', is defined as:

Idoo! = o
([X—=tlo)oo' = [X+—tl(cod’)

Definition 11 (Size) The size of [X +— t] is defined as
[[X = i) [=3+ | X [+ ][]
Because substitutions are sequences, their size is the size of sequences.

Substitutions can be applied to terms:

Definition 12 Let T be a term set. A substitution application function
over T is a function from Sy XT to T such that

VieT t_1Id =t
VteT,0,0/ €Sy t_(ocod) = (t_o)_ o

where t _ o denotes the application of o on t. When there is no ambiguity, t _ o

will be written to.

Definition 13 Let 0 = [X; — t1]...[X,, = t,]. o is called a standard (resp.
compact, reduced, encoded, ...) substitution if (t;)?_, are terms of the standard

(resp. compact, reduced, encoded, ... ) syntaz.
Definition 14 For any function f on T, f can be extended to St by

fUXi =] [Xee= t]) = [Xo = f(t)] .. [ X — f(t)]
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4.2 Nominal Terms

Permutations will act top-down and accumulate on variables whereas substi-

tutions act on variables.

Definition 15 We call a nominal structure the triple (T,-,_). T denotes the
set of terms, - a function from I1 x T to T representing the application of a
permutation on a term, written wt. And _ a substitution application function

over T.

Definition 16 A morphism from the nominal structure (Ti,-1,.1) to (Ta, -2, .2)

s a function ¢ from Ty to Ty such that
VieTi,mell o t)=m-9 (1)

and
Vi€ Ti,0 €Sy plt o) =p(t) .2 p(0)

where ([ X1 = ] . [Xo = t]) = [X2 = @(t)] - [Xn = @(tn)]

4.2.1 Standard Nominal Term

Standard Nominal terms, or just standard terms for short, are trees built
from atoms, suspended variables, tuples, abstractions, and function ap-

plications. More precisely, standard terms are generated by the grammar:
s,¢te=a|mX | (s1,...,8,) | [a]ls | ft

We follow standard notational conventions, omitting brackets and abbreviating
Id-X as X when there is no ambiguity. The set of standard nominal terms is
written 7.

For example: (a, X, f ¢), [a]f((a b)-X,Y,[c](c,d)), and [a](c d)(d €)-X are
standard nominal terms but [X]a is not.

A() and V() are defined on standard terms inductively by:

a) = {a}
= {ay,...,a,}

(

( .

Ef t) = A1)
(

@
—
Q
)
~—
—
Q
3
L
@
3
~—
=
|

(tlv v 7tn)) = U?:l A(tl)
[a]t) = {a} UA()
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4.2 Nominal Terms

and
V(a) = 0
V(a1 a2) ... (an_1 ay)-X) = {X}
V(f 1) = V(¢)
V((t, - tn)) = UL V()
V(lat) = V(t)

Application of permutation 7 on standard term ¢ is defined by induction:
Id-st=tand ((ab)onw) -st=(ab) s (7m-st),

where
(ab)-sa = b
(ab)-sb a
(ab)-sc = ¢ ifcdg{a,b}
(ab) s (rX) = ((ab)om)-X
(@b)s(ft) = flab) st
(@b)-s[n]t = [(ab) snl(ad) st

(@0) s (thy-vstn) = ((@b) s tryeens(@b) s tn)

We define the instantiation of a standard term ¢ by a substitution o by in-

duction:
tld =t and t{X > slo = (t[X — s])o
where
aX—s = a

() [X = s] = [a](t[X — s])

(X)X —s] = m5s

(YY) X —s] = nY

(trye oy t)[X = 8] = (t1[X = s],...,t,[X — s])

(fOX =] = fUHX = s)])

Definition 17 7, with -4 and the above substitution application function forms

a nominal structure called the standard nominal structure

4.2.2 Compact Syntax

We present here another way to define nominal terms. Compact nominal

terms are terms generated by the following grammar:
s,¢to=a | X | f|(t,t2) | [a]s | mt

This grammar is called the compact syntax. Variables, atoms and constants

are called leaves. 7-f is called a suspended term. Leaves, abstraction and pairs
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4.2 Nominal Terms

are called non suspended terms. The set of compact nominal terms is written
T..
For example: (a, X), [a(e f)-(f, ((ab)-X, (Y,[c](c,d)))), and [a](c d)(d €)-(X, c)

are compact nominal terms but f « and (a, b, X) are not.

Definition 18 Let t be a compact nominal term then n,(t) denotes the number

of - nodes in t the number of subterms of the form m-u)

A() and V() are defined on compact terms inductively by:

A - ()
A(X) = 0
A(f) = 0
A((ay ag) ... (ap—1 an)t) = {ar,...,a,} UA(2)
A((ty,12)) = A(t1) UA(t)
A(lalt) = {a} UA(Y)
and
V(a) = 0
V(/f) = 0
V(X) = {X}
V((ay az)...(an_1 an)t) = V(X)
V((t1,12)) = V(t1) UV(t2)
V([alt) = V()

In the standard syntax, @ -4 ¢ is not a term but denotes the application of 7
on t as defined above but in the compact syntax 7-f is the compact term made
of the pair of the permutation 7 and the compact term ¢. The application of
a permutation m on a term %, written 7 -. t is simply the syntactic operation
Tt =mt.

Substitution application is defined inductively by:
teld=tandt [ X—=slo=(t_[X—s]) o

where

|
— Q

t1 e [X — S],tg —c [X — S])

[ ]
[ ]
([a]t) ce [X = 5] = [a](t _c [X = s])
foc[X—=s] = f
(mt) e [X =] = 7 (t_e [X 5]
X [ X—s = ms
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4.2 Nominal Terms

Definition 19 7. with permutation application and substitution application as

above forms a nominal structure called the compact nominal structure.

4.2.3 Reduced Compact Syntax

Let RedudeCompactTerms be the following reduction system on compact nom-

inal terms:
t = Id-t (applied only once, before any other rule!)
Ta = 7(a)
mf = f
7T'(t1,t2) = (7T't1,7r't2)
7-[alt = [n(a)](n-1)
m(r't) = (mon')t

Proposition 1 This system always terminates and is confluent

Proof Let t be a compact term. Let w be the function associating to each

subterm position in the tree of ¢ a natural integer. w is defined by the following

equations:
w(a) = w(f)=wX)=0
w((ug,uz)) = 1+ w(uy) + w(us)
w([a]u) = 1+ w(u)
w(m-u) = w(u)

Let us consider the measure m(t) = (3_,cp w(u),| P |) where P is the set of
subterms of ¢ of the form 7-.. with the usual lexical ordering on pairs of integers.

All the rules make the measure to decrease:

e w(m-a) =w(r(a)) =0 and the number of suspended subterm decreases

w(m-f) = w(f) = 0 and the number of suspended subterm decreases
o w(m(t1,12)) =1+ w((n-ty,712))
o w(m-[a]t) =1+ w([r(a)|(m1))

So the system terminates.
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4.2 Nominal Terms

The system is also locally confluent. The critical pairs are joinable:

m(n'-a) — (mo7')(a)

w(n'-f) = f

(' (t1,t2)) == ((mon')t,(mon')ty))
m(n[dt) = [((mor)(a))((mon')1)
m(n'-(x"1)) = (mox ox")t

So the system is confluent.

Normal forms are terms generated by the grammar
s,¢tu=a|mX | f|(r,re) | [a]s

and called reduced compact terms. The set of reduced compact terms is
written 7.

For example: (a,ld-X), [a](a,b) are reduced compact nominal terms but
(a b)-a, [e](c d)-(X,a) is not.

When reduction rules are only applied on the head of the term, head normal
forms are called head reduced compact nominal terms and correspond to

the grammar:
su=a|mX | f|(t,t2) | [alt

where ¢, t; and t, are not head reduced compact terms but ordinary nominal
compact terms. The set of head reduced compact nominal terms is written 7.

For example: [a](a b)(a, X) and (f, (a b)-a) are nominal terms but (a b)-(f, X)
is not.

Let ¢ be a term, its normal form (resp. head normal form) is written £ (resp.
).

Reduced terms and head reduced terms being compact terms, the definitions

of A() and V() for compact term hold for reduced and head reduced terms.
Remark 2 Reduced compact nominal terms are standard nominal terms

Definition 20 The application of a permutation on reduced compact nominal
terms is defined as ™ -, t = 7wt . Substitution application is defined as t _,

c=1%t_,0. (Try vy or) forms a nominal structure called the reduced nominal

44



4.2 Nominal Terms

structure. o(t) =1 is a morphism from the compact nominal structure to the

reduced nominal structure.

Proof Let t be a compact nominal structure and 7 a permutation:
o(met) =7t =7t =7 0t).
Let t,s € T., X € X:

ot o [X = 3])

Il
o~ ||
L
>
1
2,

4.2.4 From Standard Terms To Compact Terms

Let ¢ be a standard nominal term. ¢ can be encoded as a compact term with 3
new function symbols O, C' and F' not in ¥: O means “Open Tuple”, C' “Close
Tuple” and F' “Function”.

The encoding is defined by:

1i(a) = a

p(m-X) = mX

p([aju) = [a]u(w)

pu(f u) = (F,(f,pu(u)))

M((tla--wtn)) = (07 (:u(tl)a("‘?(u(tn)?C))))

where (O, (t1, (..., (t,,C)))) is the usual encoding of list by nested pairs. For
example u(()) = (0, C), p((t)) = (O, (t,C)), p((t1, t2)) = (O, (t1, (t2,C'))) and so
on.

Terms in the image of i are called compact encoded standard nominal
terms, or encoded terms for short. They are a particular case of reduced
terms (and so of compact terms) generated by the following grammar called the

compact encoded standard nominal syntax, or encoded syntax for short:

s,t n=a|mX |la]s | (F,(f,1) | (O, (t, (.., (t, ©))))
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4.2 Nominal Terms

where f & {F,0,C}. The set of encoded terms is written 7.
For example ,U((f X; a, Y)) = (07 ((F7 (fa (IdX)))7 (aa (]dY7 C))))
Encoded terms being compact terms, the definition of A() and V() for compact

term hold for encoded terms.

The inverse encoding is defined on encoded terms by:

w(a) = a
w(m-X) = X
w([a]t) = [aJw(?)
w((F, (f,1)) = [ w()
w((O, (b, (-, (tn, €)= (wlta), -, w(tn))
Proposition 2
Vie T, wp(t)) =t
Vie T, pw(t) =t
Proof
w(p(a)) = w(a) =a
(X)) = wrX)
= X
w(p([a]t)) = w([a]u(t))
= lajw(u(?))
w(p(f 1)) = w((F (f,u(1))))
= w((F, (f, u(2))))
= fw(u)
w(p((ty, .5 tn))) = w((O, (), (..., (ultn), €)))))
= (w(p(tr)), ... w(u(tn)))
pw(a)) = pla)=a
plw (X)) = p(rX)
= 77X
plw([alt)) = p(lalw(?))
= la]pw((?))
plw((F(f,1)))) = u(f w(t))
= (£ (f, n(w(1))))
= fw(u()
w0, (b, (- (8, ©)))))) = w((O, (ulta), (- -, (u(tn), €)))))
= (w(u(tr)), - w(p(tn)))
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4.2 Nominal Terms

Proposition 3 p is a morphism from the standard nominal structure to the re-

duced nominal structure.

Proof Let t be a standard nominal term, 7 a permutation:

(s t) = o pu(t)
Indeed:

=

=3
B
>
I
TE 3
o T E.
AL o &
=y
b
s

I
23

(TR
2=

=

=

=

|
—~ 3 3
B Pgs

p(m(f 1))

o
A=
=

I
3
=
—
o~

pw(m(tey . tn)))

Let o be a substitution over 7:

p(to) = p(t) o p(o) by induction on the structure of ¢ and o. *

Proposition 4 w is a morphism from the reduced nominal structure to the stan-

dard nominal structure.
Proof The proof is the same as for p. *

Proposition 5 p/w is an isomorphism between the standard nominal structure
and (7:2; ry ur)
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4.2 Nominal Terms

4.2.5 From Nominal to First-Order

Nominal terms (either standard or compact) not containing atoms (A(¢) = () are
actually first-order terms. In the rest of this section we use compact terms but

the definition and properties can easily be transposed any of the above syntax.
Definition 21 The set of first-order terms, written Ty, is defined as

{t|teT.nAt) =0}

When applying a permutation on a standard or reduced nominal term, per-
mutations accumulate on variables but in first-order syntax, variables represent
first-order terms so m-X = X. Thus we define the permutation application on
first-order terms as

VieTpmell mpt=t

Proposition 6 T; with -y as permutation application function and the standard
substitution application function forms a nominal structure called the first-order

structure.

We present here a morphism F' from compact terms to first-order terms. Let
t be a compact nominal term over ¥, X and A. [ associate to t a first-order
term with two new function symbols e and [| of arity respectively 0 and 1. e will

represent atoms and [] abstraction. F' “forgets” the nominal details of ¢:

F(a) = e

F(X) X

F(f) f

F(rm-t) F(t)
F((ti.t2)) (F(t1), F'(t2))
F(la]t ] F

t =
) =
)

Proposition 7 F' is a morphism from the compact nominal structure to the first-

order structure.
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4.3 Nominal Problems

Proof Let t be a compact term and 7 a permutation, F(7w - t) = F(t) =7 ¢
F(t).

We check inductively on the structure of ¢ that F(¢t[X — s]) = F(t)[X —
F(s)] *

Proposition 8 Let t be a compact nominal term: |t |< maxqey | 7| X (| F(2) |

+n,(t)) where m € t ranges over the permutations appearing in t.

Proof Because the only difference in size between first-order terms and nom-

inal terms are permutation sizes. *

4.3 Nominal Problems

The predicate # specifies a freshness relation between atoms and terms, and

~, denotes alpha-equivalence. Constraints have the form a#t or s ~, t.

Definition 22 (Size) The size of constraints is defined as follows:
o |a#t|=3+]a|+|1]
o |sr,t|=3+]s|+]|1]

A set Pr of constraints is called an alpha-equivalence problem. Intuitively,
a#t means that if ¢ occurs in ¢ then it must do so under an abstractor [a]-. For
example, a#b, and a#|ala but not a#ta. We sometimes write a, b#s instead of
a#s, b#s, or write A#ts, where A is a set of atoms, to mean that all atoms in A are
fresh for s. In the absence of variables, a#s and s ~, t are structural properties
(to check a#s we just check that every @ in s occurs under an abstractor), but
in the presence of variables both predicates may depend on assumptions a#X
about what will get substituted for the variables. A set of assumptions A # X
is called a freshness context and written A.

Formally, we define # and =, under the freshness context A inductively,
by a system of axioms and rules, using # in the definition of a2, (see below).
We write ds(w,7')#X as an abbreviation for {n#X | n € ds(m,7')}, where
ds(m,7') = {n | mn # 7'-n} is the set of atoms where m and 7’ differ (i.e., their

difference set). Below a,b are any pair of distinct atoms.
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4.3 Nominal Problems

With the standard syntax:

() S#S At agts - Ak ags,
Al—a#b A'—a#fg ! Al—a#(sl,...,sn)

lup )

A& a#ts AFrta#tX
ol T S P Aragex Y
a# X eA
NS (#a)
(Ran) A+ ds(m,n")#X N
AFam,a AI—W-X%QW'~XN
AFs gt - Ab s, ~,t, AFsr,t
AF (51, ) mom (o) ) AT e O
AFsr,t AF sr, (ab)t aftt
AF [a]s ~q [alt Naatee) AF [a]s ~q Bt Foats)
With the compact syntax:

aX)

7)

Al af#ts; A a#ss
— (#a — (# ,

Aka#b(b) A%a#f(f) A F a#(s1, 5) Fpoir)

A& afts Attt

- (#a sa) [ — -
A& aft[a]s ’ A ab]s (#absb) AF ok #r)
a# X €A
AF a#tX

Akazaa“MJ Akfzaf“”” z&FXmaX(MM)

AF s .t AF sor, s AF dS(?T,?TI)#t
%atu ~
AF (81,82) ~a (tl,tg) P AFTt o 7Tl't
AFsr,t AF s, (ab)t aftt
aabsa %aabsb)

AF [a]s ~, [a]t AFa]s =, [b]t

We remark that =, is indeed an equivalence relation (see [51] for more details).

#a

a7r)

We write a # t and t =, s) when there is no ambiguity on A (usually when A is

empty or when A).
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4.3 Nominal Problems

Below we define reduction relations (also called rewriting relations) on stan-
dard terms or problems. If = is a reduction relation, we will denote by = its
transitive and reflexive closure. Irreducible terms are called normal forms.

The following set of simplification rules from [51], acting on problems in the
standard syntax, where a,b denote any pair of distinct atoms, can be used to

check the validity of a-equality constraints.

a#b, Pr — Pr
a#fs, Pr = a#s,Pr
at(s1, ...y 8n), Pr = a#s1,...,a# Sy, Pr
a#lbls, Pr = a#s, Pr
a#lals, Pr = Pr
a#m-X,Pr — wla#X,Pr m # Id
a =, a,Pr — Pr
(L1, ) = (1503 80), P10 = 1y &4 S1,. .y by R Spy PT°
flxy fs,Pr = l=~,s,Pr
la)l =, [a]s, Pr = [=, s, Pr
[a)l =4 [b]s, Pr = [ =, (ab)-s,a#ts, Pr
7 X m, "X, Pr = ds(m,7#X, Pr

This reduction relation can be adapted to problems in the compact syntax by

adding the rules

a#mt,Pr = wta#t,Pr mw#Id

—h
Tt,u, Pr — wt =, ulPr
t g mu, Pr = t=, mu"Pr

Definition 23 Let Pr be a problem and A a freshness context. Pr is said valid
in the context A, written A = Pr if and only if for any constraint a # t and
squin Pr, AFa+4#tand AF s =, u. Otherwise it is not valid.

The above rules generate a reduction relation on problems: Pr — Pr' if
Pr' is obtained from Pr by applying a simplification rule. To check constraints
we proceed as follows: Given a problem Pr, we apply the rules until we get an
irreducible problem, i.e., a normal form. If only a set A of constraints of the form
a#X are left, then the original problem is valid in the context A (i.e., A+ Pr).

ol



4.3 Nominal Problems

Definition 24 Let A be a freshness context and o a substitution. Ao is the

problem defined as
Ac={a# Xo|a# X €A}

Definition 25 A nominal a-equivalence problem, or a-equivalence prob-
lem for short, s, given a problem Pr, to know whether there exists a freshness
context A such that A = Pr. Such a A is called the solution of the nominal

a-equivalence problem.

For example, the problem [a]X =2, [b]X reduces to the set of constraints
a# X, b# X ; therefore a# X, b#X F [a]X ~, [b]X, as mentioned in the introduc-
tion. A problem such as X =, a is not valid since it is irreducible; however, in
this case X can be made equal to a by instantiation (i.e., applying a substitution)

and we say that this constraint can be solved.

Definition 26 A nominal unification problem, or unification problem for
short, is, given a problem Pr to know whether it exists a freshness contert A and
a substitution o such that for any constraint a # t and s =, v in Pr, A& a # to

and A b so =, uo.(A, o) is called a solution of the nominal unification problem.

A most general solution to a nominal unification problem Pr is a pair (A, o)
of a freshness context and a substitution, obtained from the simplification rules

above enriched with two instantiating rule labelled with substitutions:

X ~g u, Pr Y25 Pr[X e ] (X ¢ V((Ow)

Xesrla

ur, X, Pr T=" PriXe—atu (X ¢&€V((u))

If we impose the restriction that in a constraint s =, t the variables in ¢
cannot be instantiated and the variables in left-hand sides are disjoint from the
variables in right-hand sides, then we obtain a nominal matching problem. If
we also require s to be linear (i.e., each variable occurs at most once in s), we

obtain a linear nominal matching problem.
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4.3 Nominal Problems

Definition 27 A nominal matching problem, or matching problem for
short, is, given a problem Pr where variables appearing on the left-hand side

of =, are distinct from variables appearing on the right-hand side of = :

{X’XEV(SZ) Si%atiGPT}ﬂ{Y‘YEV(ti) Si%atiEPT}:®

to know whether it exists a freshness context A and a substitution o such that for
any constraint a # t and s =y uw in Pr, At a # to and A+ s =, uo.(A,0) is

called a solution of the nominal matching problem.

A most general solution to a nominal matching problem Pr is a pair (A, o)
of a freshness context and a substitution, obtained from the simplification rules

above enriched with an instantiating rule labelled with substitutions:

X 1

X R u, Pr "= Pr[X — 1l

Note that there is no need to do an occur-check because left-hand side variables
are distinct from right-hand side variables in a matching problem.

As shown in [51], these rules define sound and complete nominal unification
and nominal matching algorithm, where the most general solution to the input
problem is obtained by computing its normal form A and by composing the
substitutions used in the instantiation rules. We give an example and refer to [51]

for more details.

Example 1 Since there is a reduction sequence:
[a]X ~a Bl = X ~aa, aftb = a#tb = 0
the most general solution of [a]X &4 [b]b is (0, [X — a]).

Although in the case of first order terms we can, without loss of generality,
restrict ourselves to matching problems with ground right-hand sides (it is suf-
ficient to consider all variables as constants), this is not the case for nominal
problems: when terms contain variables we may need to compute difference sets

of permutations.
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4.3 Nominal Problems

4.3.1 Morphisms

Definition 28 A nominal a-equivalence structure is a 5-tuple (T,-,_,~,
,#) where (T,-,_) is a nominal structure, ~, an equivalence relation on terms

and # a relation between atoms and terms such that:

AFa# sNAFs~,t = AFa#t
Vrnell AFs=,t = AbFms~,nt
Voell AFa#t = At w(a) # nt

Vo €S+ AF s, tANAFAoc = Aoks_or,lo
VoeSr Ara#tANANEFAoc = A'ba#t_o

Proposition 9 All the nominal structures defined in the previous section, with
their corresponding a-equivalence and freshness relations, are nominal a-equivalence

structures. We write the a-equivalence and freshness relation on:
o standard terms =2, and #
e compact terms Xq. and .

o first-order terms ~o5 and #;

Proof All equations are properties of the a-equivalence and freshness relations
on standard terms. Please refer to [51] for more details. Proofs on standard terms
can be easily adapted to compact terms. First-order syntax, ignoring all naming

details, all the above equations are straightforward. *

Definition 29 A morphism ¢ from the nominal a-equivalence structure (Tr,
5y w1y %ah #1) to (7—27 25 w2y %0427 #2) Z.S a mOTph’ism fTom (ﬂ7 ‘1, ul) to (757 "2y \_,2)
such that At a#1t=AF a4 p(t) and AF syt = AF p(s) ma2 p(t)

Proposition 10 All the morphisms between nominal structures defined in the

previous section are morphism between nominal a-equivalence structures.

Proof Let ¢, be the morphism from compact terms to reduced terms. We
need to prove that A Fa #.t = A F a #. pesr(t) and A b s g t = A F
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4.3 Nominal Problems

Gesr(8) Rae Peosr(t). All the rules of the system RedudeCompactTerms preserve

a-equivalence:

t ~,1dt

Ta ~om(a)

- f Rig

(b1, 12) o (T, T13)
mlalt  ~a[m(a)](r-1)
(7' t) mo(mon’)t

SOt m, T .

Let ¢, the morphism from standard terms to encoded terms. Let t; and
to two encoded terms, t; #4 to < €1 #. lo and a #, 11 & a #, 1. Indeed,
on encoded terms, the a-equivalence and freshness axioms in the standard (resp.
compact) syntax can all be proved in the compact (resp. standard) syntax.

Let F' the morphism from one of the nominal syntax to its corresponding
first-order structure. We need to prove that for any term ¢ that A - a # t =
AFa# F(t)and AbF s, t=AF F(s) =, F(t). AFa#t= At a# F(t)
is trivial because an atom is always fresh in a term without atoms. Note that in
first-order syntax a variable X can only be substituted by a first-order term, so
a # X is always true. The latter equation is proved by induction on the structure

of s and t:
e If sis an atom a , t as to be the same atom a and F'(a) is the constant e.
e If 5 is a constant or a variable, then F'(s) = s to the equation is trivial.

o If s is a pair (s1,$2) then t has to be a pair (t1,%s with s; =, t; and
S9 R4 lo, by induction hypothesis F'(s1) &, F(t2) and F(s3) ~, F(t2) and
F(s) = (F(s1), F(s2)) so F(s) = F(t).

e If s is an abstraction [a]s’ then ¢ has to be an abstraction [b]t’ and s =, t
implies s’ &2, (a b)-t'" a # [b]t" by induction hypothesis F'(s') ~, F(t') and
of course a # F(t), F(t') = F((a b)t').

Definition 30 Let ¢ a morphism from the nominal a-equivalence structure (Ty, -
s oly a1, #1) to (Ta, -2, L2, Ra2, #2). It can be extended to:
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4.3 Nominal Problems

e freshness constraints by p(a #1 1) = a #2 (1)
e a-equivalence constraints by (s Ra1 t) = () Rag @(1)

e a problem Pr by applying it to all of the constraints in Pr.

Proposition 11 Let ¢ be a morphism from the nominal a-equivalence structures
(T1, 1, o1, Ra1s #1) to (T2, -2, o2, Ra2, #2) and Pr a problem whose terms are in
Ti. Then

e if A is a solution of the a-equivalence problem Pr, then A is solution of the

a-equivalence problem p(Pr).

e if (A,0) is a solution of the unification problem Pr, then (A, ¢(o)) is so-
lution of the unification problem ¢(Pr).

e if (A, 0) is a solution of the matching problem Pr, then (A, p(0)) is solution
of the matching problem p(Pr).

Proof Let A be a solution of the a-equivalence problem Pr. For any con-
straint @ # t and s ~, win Pr, A Fa # t and A F s =, u. @ is a mor-
phism so A F a #, t = a #9 ¢(t) and A F s =y t = ©(s) a2 @(1).
Abad#pt)=0AFadt)and AE p(s) Raz p(t) = (A F s ma t)
Which means A is solution of ¢(Pr)

Let (A, o) be a solution of the unification problem Pr. For any constraint
a#itand sy uin Pry AFa# to and A F so x4 uo. (Al a# to) =
A Fa #s p(t)p(o) and (A = so ~a1 to) = A F p(s)p(0) ~az ©(t)p(0). So
(A, (o)) is solution of the unification problem ¢ (Pr)

Let (A,0) be a solution of the matching problem Pr. For any constraint
a##1tand s &y uin Pry A a# to and A F so &y uo. (Al a# to) =
AFa#s o(t)p(o) and (A F s Ra1 to) = A F p(s) Raz p(t)p(0). So (A, ¢(0))
is solution of the matching problem ¢(Pr) *

This result is interesting because it relates solutions of problems in different
syntaxes. For example it says that if the first-order problem corresponding to
a nominal problem does not have any solution, then neither have the nominal

problem. Because first-order unification and matching problems can be solved
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4.4 Complexity and Implementation of Permutations and Sets

in linear time and space, it provides a fast way to decide if some problems are
solvable. Tt also says that solutions of nominal problem and first-order problems
have the same structure, which means the same function symbol, abstractions,
variables, tuples at the same position. From an implementation point of view, it
says that an algorithm for the compact syntax can be used to solve a problem
in the standard syntax because p and w provide an isomorphism between the
encoded and standard structures. Note that the complexity of the translation
has to be taken in account in the complexity of the algorithm.

So for the rest of the thesis, we will use the standard or compact syntax

depending on which one is the more adapted to the situation.

Definition 31 In the compact syntazx, any a-equivalence, unification or matching
problem can be encoded in linear time and space into a single constraint s =, t

such that the set of solutions is preserved.

Proof Indeed the following equalities form a rewriting system whose normal

forms are problems of the form {s =, t}.

S1 Rall S2Raty & (s1,82) Ry (T, 12)
{ay,...;a,} #1 < (ay ag)ag az) ... (an—1 ap)ay o)[c|t =4 [c]t

where ¢ is a fresh atom (not already present in the problem). The system termi-
nates in linear time in the number of &, and # present in the problem because

one =5, or one # is consumed every time but none is created. *

4.4 Complexity and Implementation of Permuta-

tions and Sets

The complexity of the algorithms presented in this thesis depends a lot on the
implementations of permutation and sets of atoms. Because we will have to use
different implementations of permutations and sets of atoms even for the same
algorithm, we need to abstract their actual implementation to make the algorithm

to be able to use several implementations.

57



4.4 Complexity and Implementation of Permutations and Sets

4.4.1 Implementation

This section describes the implementation and abstraction of permutations and
sets. It has been implemented in the Haskell module A.6. The implementation
in the Objective Caml B.1 does not need all the mechanisms presented here, it
only needs the array implementation.

The operations on permutations and sets of atoms used in the algorithms will
be :

a € A: membership test

e AU{a}: add an atom to a set

e A\ {a}: remove an atom from a set

e AU A" compute the union of two sets

e AN A’: compute the intersection of two sets

e 7-a: compute the image of an atom by a permutation
e 7~ !: compute the inverse of a permutation

e mo7 :compose two permutations

e supp(m): compute the support of a permutation

e 7(A) = {n(a) | a € A}: compute the image of a set by a permutation.

Operations in this list are called the basic operations on permutations and

sets of atoms.

Definition 32 We call updating the action of adding/removing an atom to a

set or to compose a permutation by another one.

Definition 33 (Implementation as arrays) A and © can be implemented re-
spectively as mutable arrays arrs and arr, indexed by atoms. Let a be an atom,

arry is defined as arrala)l = (a €2 A) and arry|a] = w(a).
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4.4 Complexity and Implementation of Permutations and Sets

Mutable arrays have constant access time but computing A{a} requires either

to modify the array in place by arr4fa] := T or to create another array arr’ such
that
T ifb=ua
arr'[b] = ,
arralb]  otherwise

Modifying arr4 in place to get arr’ takes a constant time but modifies all the
other occurrences of A which become A’. To keep A, we need to create a new
array arr’ but creating the array takes is linear in time and space in the size of

arr4.

Definition 34 The size of an array arr is defined as | arr |= 1 x n where [ is
the length of arr (the size of its domain) and n the size taken, in the array, by
an element. If the elements are pointers to other structures, the size an element

15 the size of the pointer and not the size of the structure pointed.

Another implementation is using persistent sets and maps. Persistent sets
(resp. maps) are size balanced binary trees whose nodes are elements in the sets
(resp. a pair of a key and a value). They correspond to the Haskell module
Data.Set (resp. Data.Map) and are described in [8, 39].

Persistent maps represent partial functions. Their domain of definition is a
set of keys for which they associate a value. Let pm be a persistent map. For a

key k in the domain of definition of pm, the value associated to k is pm[k].
Definition 35 (Size) Because such data are trees, their size is the size on graphs.

Definition 36 (Implementation as persistent data) A can be implemented
directly as the corresponding persistent set psa m can be implemented as the finite

map pm, whose domain of definition is the support of © and
Va € supp(m)  pmgla] = 7(a)

Membership tests and value look up take logarithmic time. Computing A\{a}
(resp. mo (a b)) returns a new set (resp. map) and takes logarithmic time too.
The original set (resp. map) remains unmodified. Thus using persistent data,
sets permutations can be passed away without risks of side effects, so no need to

copy them.
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4.4 Complexity and Implementation of Permutations and Sets

4.4.2 Optimisation

The type of sets is actually

data Set set = SetEmpty
| SetNative set

where set represents an abstract implementation of set like arrays, persistent sets,

.. Adding the value SetEmpty enable optimisations:

e there is no need to create a whole array, which takes a linear time and space

in the size of Ay, for the empty set
e AU or AN can be computed in constant time

The type of permutation is:

data Perm set perm =
Permld
| PermSwap Atm  Atm

| PermNative perm perm (Set set)

where set is as before and perm represents an abstract implementation of permu-
tations like arrays or persistent data. Permld represents the ¢d permutation and
PermSwap a b the swapping (a b). PermNative p i s represents any permutation
where p is the native implementation of 7, i the native implementation of 7!

and s its support. It also enable lots of optimisations:

e the identity permutation or a swapping do not depend on the native imple-

mentation
e composing by Permld is done in constant time

e in the case of arrays, composing in place by PermSwap a b can be done in

constant time whereas it would take a linear time in the size of Ay otherwise

e getting the inverse of a permutation and its support is done in constant

time because it is already there.
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4.4 Complexity and Implementation of Permutations and Sets

When permutations are composed, we only need to update the inverse and

the support and not to recompute them. For example, let 7' be a permutation
(ro(ab) t=(ab)or*

and supp(mo(a b)) is computed by adding or removing a and b whether (wo(a))a =

a and (7o (a))a = a.

4.4.3 Abstraction of sets and permutations

To abstract the native implementation of sets we add another layer in the monadic
tower for set handling. This layer is implemented by the first-class monadic sig-
nature SetCall set where set represents the native type of sets. SetCall set provides

the following calls:

e SetlsIn checks if an atom is in a set
e SetIsSubset checks if the first set is subset of the second
e SetSize returns the size of a set

e SetSet add or remove an atom from a set, of the first argument is T the

modification can be done in place otherwise a new set has be returned
e SetEmptyNative returns a native empty set
e SetToList returns the list of the elements of a set

e SetUnion/SetInter compute the union/intersection of two sets. The first ar-
gument tells if the modification can be done in place and if yes, on which

set.

The native implementation of permutation is also abstracted. A new layer is
added to the monadic tower for permutation handling. It is implemented by the
first-class monadic signature data type PermCall perm where perm represent the

native type of permutations. The following calls are provided:

e Permlmage returns the image of an atom by a permutation
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4.4 Complexity and Implementation of Permutations and Sets

e PermSwapRight composes a permutation by a swapping on the right side

e PermCompose composes two permutations. The first argument tells if the

composition can be done in place and if yes on which permutation.
e PermSupp computes the support of a permutation
e PermldNative the native identity permutation

e PermUnshare makes a fresh copy of a permutation

4.4.4 Complexity

Because it will happen that the same algorithm uses different implementations
of permutations and sets of atoms we need to have a way to abstract the actual

implementation also in complexity proofs.

Definition 37 For a given implementation of permutations and sets of atoms
we define C4 as an upper bound of the time complexity of the basic operations on

permutations and sets of atoms (cf. section 4.4.1).

In practice it is impossible to handle the infinite set of atoms A. Instead we
take a big enough set such as the set Ay of atoms in the problem. C4, in every
implementation considered, depends on the number of atoms (i.e. the size of Ag,
written | Ay |).

Definition 38 C4 for the implementation of permutations and sets of atoms as

arrays is | Ao | where Ag is the set of index of the arrays.
Proof Every basic operation time complexity is bounded by C4 *

Definition 39 C4 for the implementation of permutations and sets of atoms as
persistent data is log(] Ao |)x | Ao | where Aqy is the set of atoms used in the

implementation.

Proof FEvery basic operation time complexity is bounded by C 4 *
The interpretation of SetCall and PermCall as persistent data is given in the

appendix A.6.
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Part 11

Unification
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An implementation of the unification algorithm using trees to represent terms,

is exponential. For instance, the problem:

Xy Ra (Xz, Xy)

Vi o~ (Y2, 19)
Xn—l o (Xn;Xn)
Yn—l o (Ym Yn)

X, Ra a

Y, g a

Xl Xa le

which does not involve abstraction, requires a number of reduction steps that is
exponential in the size of the problem because the solution size, without subterm
sharing, is exponential in the size of the problem.

For first-order unification problems, there are linear-time unification algo-
rithms that represent terms as directed acyclic graphs. However, it is well-known
that these algorithms cannot be generalised to higher-order problems (i.e. unifi-
cation of A-terms modulo o and f); higher-order unification is undecidable. In
the case of unification modulo «a, no linear algorithm is known, but we will show
that using a representation of problems as directed acyclic graphs we can obtain
a quadratic algorithm which is the most efficient implementation so far.

We will start by presenting in chapter 5 a representation of nominal terms and
problems as directed acyclic graphs. Then we will present 3 nominal unification
algorithms in chapters 6, 7 and 8. The first one is the most efficient (it is quadratic
in time and space) but not the easiest to to maintain and extend. The second
one is a almost as efficient as the first one and easier to use in practice. The last

one presents a polynomial algorithm based on graph rewriting.
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Chapter 5

Nominal Unification Terms and
Problems as Directed Acyclic
Graphs

This chapter presents an encoding of compact nominal terms as directed acyclic
graphs. We use compact terms because we will deal with permutations in a lazy
way: permutations will suspend always, unless performing the permutation is
necessary to trigger a simplification rule in a problem.

We will define a recursive function to transform terms, and more generally
problems, into graphs. Nodes are represented by circles, annotated by a con-
structor. The term-constructors are: abstraction [|, pairs (), constants f, per-
mutations 7, permutation application e, variables X, atoms a and sets of atoms
A. In addition we use two constructors for freshness and a-equality: #, =,
and a node Pr which is the root of the problem. The constructors [|, #, ~q, e, ()
are binary, f is unary, X, m, a are O-ary, Pr has variable arity, equal to the the
number of constraints in the problem, respectively.

We will often overload the notation, by using a node annotated with a term

®

to denote the root node of the subgraph representing ¢. In the same way, we

t, as in the following diagram:
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sometimes annotate a node with a constraint P; to denote the root of the subgraph

representing the constraint.

Definition 40 The graph representation of a term, and more generally a prob-

lem, is inductively defined by:

e c where ¢ is an atom a, a constant f or a variable X :

(©

° (tl,tg).‘
@
. [a]t.‘
010
o ¢

In particular, the graph representing w-X has two leaves labelled by © and
X.

o A#t, where A is a set of atoms:
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e Pr=~P,,...,P,, where each P; is a constraint:

In this case, we fix an arbitrary ordering on the constraints Py, ..., P,, to

obtain a unique representation.

After transforming a problem into a graph as above, we identify the leaves that
are annotated with the same atom, constant or variable but not leaves that are

annotated by the same permutation.

Having a root node Pr for a problem is not essential, but it will be useful
when we define garbage collection on graphs.

The graph representation of a nominal problem, as defined above, is a nomi-
nal graph (see Definition 41 below). Nominal graphs are directed acyclic graphs,
they can be seen as termgraphs [43], that is, trees where subterms may be shared.

We will also include | nodes to represent unsolvable constraints, and o nodes

to represent solutions (substitutions).

Remark 3 Definition 40 specifies a function that transforms a nominal problem

into a graph. This function s linear in the size of the problem.

Definition 41 (Nominal graph) A nominal graph is a set N of nodes labelled
with constructors (i.e., term constructors, and #, =, L, o, Pr), together with
a set E C N x N of edges, such that if n is a node decorated with a symbol of

arity m, then there are m outcoming edges for n (i.e., it has m children). If
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e = (n1,n9) € E, written ny — ny, we say that e is an incoming edge for ng, and
outcoming for ny.

The edges connected to each node are ordered, and we will call the points of
attachment ports.

A root is a node without incoming edges.

Different nodes may have the same decoration, however, leaves with the same

label are identified (they are the same node) except for permutations.

Example 2 The nominal graph representing the term [a](a b)-X is:

and the nominal graph representing the problem [a]a =, [b]b, (a b)-X =, X is:

()

D D
(D@ )
)

@ )

Note that we have fixed an arbitrary order for the constraints above. The
root of a graph representing a problem is labelled by Pr, and its children have
roots labelled by =, or #. We will say that the root of the i-th constraint is the
i-th root of the problem.

We presented here an encoding of compact nominal terms as directed acyclic

graphs. The same technique can be used to define an encoding of standard,

reduced, head reduced, encoded and first-order terms as directed acyclic graphs.
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Chapter 6

Extending Paterson and Wegman’s
First-Order Unification Algorithm

In this chapter we present an adaptation of Paterson and Wegman ’s First-Order
Linear Unification Algorithm (FLU) [40] to nominal unification. We will show
that, the first-order and nominal algorithms have the same structure. Because
any unification problem can be encoded in linear time and space to a single
constraint s &, t, in the rest of this chapter, we only consider unification problems
of the form {s =, t}. The set of atoms in the problem, written Ay is defined
as Ag = A(s) UA(t). In the rest of the chapter, we consider a nominal graph d
representing the problem s =, t.

Section 6.1 gives a theoretical characterization of nominal unification as a
relation on the nodes of d. It will be used to prove the correction of the algorithm
presented in section 6.2. A concrete implementation of the algorithm in Objective
CAML 6] is in appendix B.1. Please refer to it for a complete description of the

actual implementation of the algorithm.

6.1 Nominal Unification as a Relation on Term
Nodes

The FLU algorithm computes the solution, if it exists, by computing a relation

on the nodes of the directed acyclic graph representing the problem. To prove the
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6.1 Nominal Unification as a Relation on Term Nodes

correctness of their algorithm Paterson and Wegman developed in [40] the concept
of valid equivalence relation. To extend their algorithm to nominal terms, we
need to start by extending their notion of (valid) equivalence relation to nominal

directed acyclic graphs.

Definition 42 A nominal relation R is a pair of a 3-ary relation R,, between
nodes and permutations, written s R,x, » t, and a binary relation ¥ between atoms
and nodes, written a F s. Two nodes s and t are related by R, written s Rt if
and only if it exists a permutation m such that s R,x, + t.

A nominal relation is a nominal equivalence relation if:

o sR,x,ia 5 for any s (Reflexivity)

$SRynprt =t Ryn, 1 5 (Symmetry)

N?7

s Rompim U U R, ym t = 5 Ry myom, t (Transitivity)
® sR,nyn 5= (aF 8)acsupp(r) (Disagreement set)
e alFs sRoy,.t=n"(a)Ft (Congruence)

Definition 43 Let (R,x, ,F) be a nominal relation. Let us define the function

fc over nodes as

fe(s)={a]aF s}
Proposition 12 If (R, ,F) is a nominal equivalence relation then
$ Rympr £ = Jels) = m(fel(t)

Proof Let abein fe(s), a F s and s R,n, » t s0 7(a) F t, 77" (a) € fe(t) and
a €(fe(t). s Romyrt =t Ryn, n1 5 gives fe(t) € n'(fe(s)) *
If two first-order terms do not have, on their root node, the same function
symbol and the same arity, then they can not be unified. Paterson and Wegman’s
algorithm uses it to detect when a problem does not have any solution. We extend

this notion of compatibility to nominal graphs:

Definition 44 (7, F-compatibility) Two nodes s andt are said 7w, F-compatible
if and only if at least one of the following properties hold:
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6.1 Nominal Unification as a Relation on Term Nodes

o s=1"-s" and s’ and t are (7'~ o ), F-compatible
e t =1't' and s and t' are (w o 7'),F-compatible
e s andt are two atoms, s =7w-t, s ¢ fe(s) and t &€ fe(t)

s and t are two constants and s =t

s and t are two pairs

s and t are two abstractions

e s is a variable
e t is a variable

When there is no ambiguity on I, 7w, F-compatibility will be called m-compatibility

Definition 45 Two nodes s and t, representing first-order terms, are said com-

patible if and only if they are Id, }-compatible.

Any directed acyclic graph can provide a partial ordering on the nodes of the

graph:

Definition 46 The partial order deriwed from the directed acyclic graph d is de-
fined as: nqy >4 ny if and only if there exists a path from the node ny to the node
ny in d (ny # ny).

Now, we can extend the notion of valid equivalence relation to nominal rela-

tions. Paterson and Wegman define a valid equivalence relation as:

An equivalence relation on the nodes of a dag is valid if it has the

following properties:
(i) if two function nodes are equivalent then their corresponding
sons are equivalent in pairs,

(ii) each equivalence class is homogeneous, that is it does not contain

two nodes with distinct function symbols,

(iii) the equivalence classes may be partially ordered by the partial

order on the dag.
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6.1 Nominal Unification as a Relation on Term Nodes

We wanted our definition as close as possible to Paterson and Wegman’s. The
first rule is essentially a propagation rule, the second one a compatibility rule on
the nodes of a class and the third a rule to check there is no cycle in the graph.

So here is the definition of a valid nominal equivalence relation:

Definition 47 A nominal equivalence relation (R,x, ,F) on the nodes of a nom-

inal dag 1s valid if:
e Propagation:

(51,52) sz%?  (t,t) = R?N? x b1 R’?“’? Q0
[G]S R?m?,ﬂ— [b]t : S R7N77((l ﬁ(b))oﬂ' t
(r(0)Fs  ifa#m(b))

aT (s1,$9) = aFs alF sy
a T [b]s = alFs (ifa#b)
al [a]s

o Compatibility: each nominal class is homogeneous, that is for any s and t

such that s R,x, » t, (s,t) is m,F-compatibles.

e Occurrence check: the partial order derived from the directed acyclic graph,
quotiented by the equivalence relation, is a partial order on the equivalence

classes.

The last remaining thing we need to extend is the notion of “minimal relation”

Definition 48 Let us extend the standard partial ordering over relations to nom-
inal relations. (R,x, ,F1) < (R,~, .., Fo) if and only if

77510 757590

Vs, t,m sRon,, t=30" sRo, t {aFithroysrw dom(r) C dom(n')

R 7RP59 11

and
Va,s alFi s=alfys

Now we can state the same property as in [40] between valid relations and

solutions of unification problems:
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6.2 A Quadratic Nominal Unification Algorithm

Proposition 13 Two nominal terms s and t are unifiable if and only if there
exist a valid nominal equivalence relation on the graph representing s =, t such
that s Roayia t. If such a relation s minimal, then it defines a most general

unifier.

Proof 1If s and ¢ are unifiable then let (o, A) be a solution of the unification
problem. Let R
under A. Let F be the relation containing a F s if and only if a # s under A.

,a, D€ the relation containing s R,~, . ¢ if and only if so ~, to

If such a relation exists, o can be derived from the dag by o(X) = =t if
X Rymgr
A={a# X |aFX oX)=X} *

t and t not a variable, or ¢(X) = X is there is no such ¢. And

6.2 A Quadratic Nominal Unification Algorithm

The Paterson and Wegman First-Order Linear Unification Algorithm is as de-
scribed by the algorithm 1 and 2. It is linear in time and space in the size of the
directed acyclic graph.

The nominal version of (FLU) is described in algorithms 3 , 4 and 5. Like in
FLU, the algorithm proceeds by computing a valid relation. There are two kinds
of edges in the algorithm: the edges of d and undirected edges s -1 <>, t which
represent s R, mt (also s R,n, » t). pointer() is a partially defined function
whose domain is empty at the beginning of the algorithm. pointer (s) represents
the class of s with the corresponding permutation.

In the rest of this chapter, we will use the similarity between FLU and QNU
to prove the correctness and the complexity of QNU.

Proposition 14 Applying the morphism F from compact terms to first-order
terms to every operation in QNU gives exactly FLU:

F(QNU) =FLU
Proposition 15 QNU is correct.

Proof Like FLU, QNU computes a valid nominal equivalence relation. So if
the algorithm terminates without raising an error, then the computed relation is

valid. Furthermore the relation is minimal. *
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6.2 A Quadratic Nominal Unification Algorithm

1

2

3

4

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

unify-flu(s,t) = ;
create-edge-flu(s,t) ;
while There is a non-variable node r do
\ finish-flu(r)
end
while There is a variable node r do
| finish-flu(r)
end
print Unified;
create-edge-flu(s,t) = ;
create the undirected edge s <> t;

propagate-unification-edges-flu(r,s) — ;
switch (r, s) do
case ((r1,79), (s1,$2))
create-edge-flu(ry,sy) ;
create-edge-flu(ry, s9)
case ([]',[]s')
‘ create-edge-flu(r', s)
otherwise

‘ do nothing

endsw

endsw

doFathers-flu(s) = ;

while there is a father t of s do
finish-flu(¢)

end

Algorithm 1: First-Order Linear Unification (FLU): Part 1
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6.2 A Quadratic Nominal Unification Algorithm

1 finish-flu(r) = ;

2

3

4

© ®

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

Create a new empty stack stack;
push(r) on stack;
while stack is non empty do
s := pop(stack) ;
if pointer(s) is defined then
r' := pointer(s) ;
if r' # r then
| error (FAIL-LOOP)
end
else
‘ pointer(s) :=r
end
if r and s are not compatible then
| error(FAIL-CLASH)
end
doFathers-flu(s);
if s is a variable node then
‘ o(s) =r
else
‘ propagate-unification-edges-flu(r,s)
end
while there is a undirected edge s <> t do
push(t) on stack;
delete the edge s <>t
end
if r and s are not the same node then
‘ delete s
end
end

delete r ;

Algorithm 2: First-Order Linear Unification (FLU): Part 2
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6.2 A Quadratic Nominal Unification Algorithm

1 unify-qnu(s,t) =;

2

3

4

10

11

12

13

14

15

16

17

18

19

20

21

create-edge-qnu(s, Id, 1) ;

while There is a non-variable and non-suspended node r do
finish-qnu(r)

end

while There is a variable node r do
finish-qnu(r)

end

print Unified;

create-edge-qnu(s,m,t) = ;

switch (s,¢) do

case (1'-s', 1)

‘ create-edge-qnu(s,m ! o7, t)
case (s, 7'-t')

‘ create-edge-qnu(s,m o7’ t)
otherwise

‘ create the undirected edge s -1 <>, t
endsw

endsw

Algorithm 3: Quadratic Nominal Unification (QNU): Part 1
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6.2 A Quadratic Nominal Unification Algorithm

1

2

3

4

10

11

12

13

14

15

16

17

18

19

20

21

22

propagate-unification-edges-qnu(r,m,s) = ;
switch (r, s) do
case ((r1,79), (s1,82))
create-edge-qnu(ry, m, s1) ;
create-edge-qnu(ry, 7, So)
case ([a]r’, [b]s')
create-edge-qnu(r’, (a 7(b)) o7, s') ;
if o # 7(b) then
| add 7' (a) to fe(s')
end

otherwise

‘ do nothing

endsw

endsw

doFathers-qnu(s) = ;
while there is a father t of s do
if t is a suspended node then
‘ doFathers-qnu({)
else
| finish-qnu(t)
end

end
Algorithm 4: Quadratic Nominal Unification (QNU): Part 2
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6.2 A Quadratic Nominal Unification Algorithm

1 finish-qnu(r) =;

2

3

4

© ®

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

Create a new empty stack stack;
push((id,r)) on stack;
while stack is non empty do
(m,s) := pop(stack) ;
if pointer(s) is defined then
(7',r') := pointer(s) ;
if r' # r then
| error (FAIL-LOOP)
end
else
‘ pointer(s) := (7~ 1,r)
end
if r and s are not w-compatible then
| error(FAIL-CLASH)
end
doFathers-qnu(s);
if s is a variable node then
‘ o(s) :=m b
else
‘ propagate-unification-edges-qnu(r,m,s)
end
while there is a nominal undirected edge s -1 <> t do
push((w o 7”,t)) on stack;
delete the edge s -1 <>, t
end
if r and s are the same node then
‘ add supp(r) to fe(r)
else
add 7! (fc(s)) to fe(r) ;
delete s
end
end
propagate fc(r) to its children ;
delete r ; 78

Algorithm 5: Quadratic Nominal Unification (QNU): Part 3



6.2 A Quadratic Nominal Unification Algorithm

Proposition 16 Let d be a nominal directed acyclic graph representing the prob-
lem s =4 t. The complerity unify-qnu(s,t) is at most C4 x (| F(d) | +n.(d))
where | F(d) | is the size of the first-order directed acyclic graph corresponding to

d and n(d) the number of permutation application (-) nodes in d.

Proof Let F(d) be the direct acyclic graph obtained by applying F' to every
node in d the same way it is done with terms. Let us compare the execution of
unify-flu(F(s), F(t)) and unify-qnu(s,t). The only possible difference in the
execution of the two functions is line 14 of algorithm 2 and line 14 of algorithm 4
when checking (7)-compatibly. It may happen that two terms r and s are not
m-compatibly but F(r) and F(s) are compatible. In that case, QNU will halt
on the error FAIL-CLASH while FLU continues its execution. Otherwise, the
execution of unify-flu(F(s), F'(t)) and unify-qnu(s,t) pass through the same
steps. Most of the operation which take n time in FLU take C4 x nin QNU. The
only one which does not, is the edge creation. When creating an edge s . t, s
and ¢ may be suspended terms but we want s and ¢ to be head reduced terms so
we reduce them before creating the edge. Fortunately, this extra cost is bounded
in the whole algorithm by C4x | F(d) |. *

Implementation and complexity Atoms, constants and variables are imple-
mented as integers. Permutations and sets are implemented as arrays indexed by
atoms. The actual implementation of permutations and sets is in appendix B.1.
Composing and inverting permutations and permuting and computing the union
of sets takes a linear time in the number of atoms in the problem. Accessing
the image of an atom by permutation, or performing a membership test takes a
constant time. So with this implementation of permutations and sets of atoms

C4 =| Ag | where Ay is the set of atoms appearing in the problem.

Remark 4 When | d | is close | Ay | X (] F(d) | +nz(d)) and with mutable arrays
as permutations and sets implementation, the unification algorithm becomes linear

in time and space.
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Chapter 7

A Simple and Efficient Nominal
Unification Algorithm

QNU is a good algorithm and provides a concrete proof that nominal unification
can be done in quadratic time. But QNU relies a lot on very ad-hoc imperative
techniques which make it difficult to extend and in practice manipulations on
directed acyclic graph are much harder than on trees. In practice it is often
better to have a simple good algorithm, easy to maintain and extend, than a
more efficient, but complex and hard to maintain and extend, one.

In this chapter we present a modular algorithm (AQNU), whose complexity is
almost quadratic in time, to solve nominal unification. It has been inspired by the
Martelli and Montanari efficient first-order unification algorithm [34]. Martelli
and Montanari use the good but not linear set union Tarjan’s algorithm |50], more
well known as the Tarjan’s union-find algorithm, to maintain equivalence classes.
To maintain nominal equivalence classes, we need to adapt Tarjan’s union-find
algorithm to nominal equivalence relations.

Section 7.1 presents such a nominal union-find algorithm and section 7.2 uses
it to build a simple and efficient nominal unification algorithm. Concrete im-
plementations in Haskell of the nominal union-find and the nominal unification

algorithm are respectively in appendix A.7 and A.8.
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7.1 A Nominal Union-Find Algorithm

7.1 A Nominal Union-Find Algorithm

The disjoint set union problem is to maintain a collection of disjoint sets

S1,...,.S, with two operations on them:

e find(z) to find the set S; containing the element x.

e union(S;, S;) unite S; and S; into a single set: The sets S; and S; are

removed from the collection and replaced by the set S; U .S;.

Definition 49 A wunion-find algorithm is an algorithm implementing the col-

lection and the two functions of a disjoint set union problem.

Tarjan’s union-find algorithm 6 represents each set as a tree. The collection
is called a forest, written F. Edges are written © —. y where z is the origin and
y the destination of the edge. Fach set is identified by the element at the root
node of its tree called the representative of the set. find(xz) returns the root
node of tree containing z and union(z,y) merges the trees whose root nodes are
find(z) and find(y). To be efficient, the merging strategy of union() is to
minimize the depth of the trees and every time find(z) is computed, the path
from x to the root node is rewritten so that x points directly to it.

The collection of trees are implemented as an array arr,; indexed by the

elements of U!" |S; so that :

2] Indirect y  where y is the father of x
arTy = ) o
/ Direct r if x is a root node

where 7 is an integer called the rank of . The rank represents a bound of the
depth of the tree.

Tarjan’s union-find algorithm is well suited to maintain first-order equivalence
classes. But in nominal unification, two variables x and y in the same equivalence
class do not directly represent a-equivalent terms but there exists a permutation
m such that x and 7y do. We need to adapt Tarjan’s algorithm to take account
of these permutations and the freshness constraints they generate. We annotate

every edge x —. y by a permutation 7, written x =, y, arr,y becomes:

2] Indirect 7.y  where y is the father of x
d Direct (r,d) if x is a root node

81



7.1 A Nominal Union-Find Algorithm
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find(z) = ;
if arryslz] = Indirect y then
r = find(y) ;
arryflz] := Indirect 7 ;
return r
else
‘ return z

end

union(z,y) =;
z, = find(z) ;
zy = find (y) ;
if 2, # z, then
Direct r, = arryf[z,) ;
Direct r, = arryf[zy] ;
if r, =r, then
arryglzy| = Direct (r, +1) ;
arryflz;) == Indirect z,
else
if r, <r, then

‘ arryglzz] == Indirect z,
else
‘ arryflzy| == Indirect z,
end
end
end

Algorithm 6: Tarjan’s union-find algorithm (TUF)
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7.1 A Nominal Union-Find Algorithm

In the unification algorithm, arr,[z] = Indirect 7-y will mean that x R,x, » ¥
r is still the rank of the tree. The new value d is a data attached to the root of

every tree.

Definition 50 A nominal data set Sqq is a tuple of (G, f,p) where G is a group
(its internal law is written +), f a group action from P(A) on G where P(A) =
{A| AC A} and p is a group action of 1 on G such that

VA C Satms,m €IL,g€ G p(m, f(A,g)) = f(r(A),p(r,g))

For the sake of simplicity, in the rest of this section, given a nominal data set
Sdat, We use g € Syq for g € G, A # g for f(A,g) and 7-g for p(r, g).

A suspended node is a pair of a permutation 7 and a node v written 7-v. The
structure of arr,s defines a relation R over suspended nodes and nominal data.
Let R be the relation defined as:

idsRress S, ecl
id-r R id-(data r) if r is a root node

and R the reflexive, transitive, symmetric and invariant closure of R, ie the

minimal relation satisfying:
o Tys RTys
o ms Ra'-s \Nid-s Rid-d= d=ds(m,x') # ds
o Ty5 R7e-e = mee Ry
o 1,5 Rmpoe ANmee R - f = mgs R s f

o V1 TysRmee= (rom)sR (rom)e

where s, e, and f are nodes or nominal data and d is a nominal data.
The Nominal Union-Find algorithms 7 and 8 provide four functions: find,

union, data and putData such that
e find(7,-s) returns (m,-(root s)) where 7 -s R 7,-(root s)

e union(7y,-S1,Ts,-S9) does not return anything but merge the trees of s; and

s9 such that 7y, -s1 R m,,-59
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7.1 A Nominal Union-Find Algorithm

e data(r-s) returns d such that 7-s R d

e putData(w-s,d) does not return anything puts stores d in such a way that
msRd

where s, s; and s, are nodes and d is a nominal data.

1 find(mg-s) = ;

2 if arrys[s] = m.-e then
3 mper — find (me-e)
4 arrypls) = mper ;

5 return (7, o, )r

6 else

7 ‘ return m,-s

8 end

9 data(m,-s) =;

10 1w,z =find(m,-s) ;
11 Direct (r,d) = arry[z];

12 return 7w,-d

13 putData(m,-s,d) = ;

14 m,-z = find(my-s) |

15 Direct (r,d') = arrys[2] ;
16 arryylz] := Direct (r,m,'-d)

Algorithm 7: Nominal Union-Find Algorithm (NUF): Part 1

Proposition 17 (Complexity) The complexity of £ind() (resp. union() ) in
NUF is bounded by C4 x C where C is the complezity of £ind() (resp. union())
in TUF. So the amortized complexity in time of £ind() and union() is C4 X

ack ' (| U, S; |) where ack () is the inverse Ackermann function.

Proof wunion() has the same structure and pass through the same steps in
TUF and NUF. And any step in TUF that takes n time takes at most C4 X n
in NUF *

Now that we have an algorithm well suited to maintain nominal relation equiv-

alence classes, we can use it to develop a nominal unification algorithm.
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7.1 A Nominal Union-Find Algorithm

1 union(m-S1, o) = ;

2

10

11

12

13

14

15

16

17

18

19

20

21

(7,,021) = £find(my-$1) ;
(7,,:20) = £ind (ma-$9) ;
Direct (rq,dy) = arryglz1] ;
Direct (ry,ds) = arryglzs] ;
if z; = 2z, then
putData(id-zs , ds(m,,,m,,) # di)
else
if r{ = ry then
arryf(zo] := Direct (ro + 1,ds) ;
union(m,, 21, Ty, 22)
else
if r{ > ry then
‘ union(m,, 29, T, *21)
else
T3 = 7T;11 Oy,
arryglz1] = Indirect ms-25 ;
putData(id-zy ,dy + 7T§1~d1)

end

end

end

Algorithm 8: Nominal Union-Find Algorithm (NUF): Part 2
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7.2 An Almost Quadratic Nominal Unification Al-
gorithm (AQNU)

In this section we present a nominal unification algorithm inspired by Martelli and
Montanari’s almost linear first-order unification algorithm [34]. The algorithm
uses the same techniques of using multi-equations and maintaining, for each class
of variable, a counter of the number of occurrence of this class still in the problem.
Once again the nominal algorithm will have the same structure as the first-order
algorithm.

Because any unification problem can be encoded in linear time and space to
a single constraint s &, ¢, in the rest of this chapter, we consider that the input
problem is {s =2, t}. The set of atoms in the problem, written Aq is defined as
Ao = A(s) UA(2).

When we encounter X =2, 7-Y in the process of the algorithm, it means that if
the problem has a solution then there exists a valid nominal equivalence relation
(R,x,,,F) such that X R,x, Y. X could be replaced by 7-Y and Y by 7" X,
so X and Y can be considered more or less as the same variable. Replacing
X by 7Y (or Y by 771 X) would be too costly but maintaining the nominal
equivalence classes of variables using the above nominal unification algorithm is

cheap.

Definition 51 (Equations) Here equations are A # t1 +/%7 ... 7”7 t,, where A

is a set of atoms and t1 =7 ... 7% 1, a multiset of terms.

Definition 52 The unification nominal data attached to a variable X in the
nominal union-find algorithm are triples (o, A, lt) where o is an integer counting
the number of occurrences of variables in the class of X in the problem, A is a

set of atoms and It is a list of terms [tq, ..., t,] such that
A#X?%? tl 7229 ---?%?tn
15 an equation of the problem. The set of unification nominal data is called Syga

Proposition 18 5,4, with
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7.2 An Almost Quadratic Nominal Unification Algorithm (AQNU)

] (01, Al, ltl) + (02, AQ, ltg) = (01 + 09, A1 U AQ, ltl + th) where ltl + ltg 18 the
list forms of all the elements of It followed by all the elements of Ity

e (0,0,]]) as neutral element (where [] is the empty list)
form a group. With the two following actions:

e Vrell m(o,Altr,....t;])) = (0, m(A),[mt1,...,7T1))

e VAec A A# (0,Alt)= (0, AU A,It)

it forms a nominal data set.

The algorithm uses a global stack to store the equations of a nominal unifica-
tion problem. Let stack be this stack and emptyStack be the empty stack.

The main function of the algorithm, unify (), is described in algorithm 9. Tt
initializes the nominal union-find array, the global stack stack while the stack is
not empty, pops an equation from it and treats it. When the stack is empty, it
performs an occurrence check.

The normalizing function, normalizeEquation (), makes sure all terms in the
equation are in head reduced normal form and that there is at most only one term

that can be a suspended variable.

Definition 53 At any time t in the execution of the problem, the problem Pr;
at time t is formed of the equations in the global stack, the ones in the nominal
unification data and the constraints A # X and X — t (which represents X ~, t)
in the output.

Decomposition function Let eq = A # t; = ... 2/ 1, be a normalized

equation. If eq does not contains head variables, then it has to match one of this
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Input: Two terms s and ¢ to unify
1
2 unify(s,t) = ;
3 for X € Vars(s) U Vars(¢) do

4 putData(l/d-X, (ox,0,[]) ;
5 where ox is the number of occurrences of X in () # s.~-t
6 end

7 stack:= emptyStack ;
8 push(() # s -~ ) on stack;

9 while stack is not empty do

10 eq = pop (stack) ;

11 eq’ = normalizeEquation(eq) ;
12 if eq' has a head variable then
13 ‘ storeEquation(eq’)

14 else

15 ‘ treatDecompose (eq')

16 end

17 end

18  occurCheck()

Input: an equation A # t1 +=7 ... 2% t,
19 ;
20 normalizeEquation(A # t; o=y ... =0 t,) = ;
21 for 0 < ilen do
22 replace ¢; by %"
23  end
24  while there are t; = ;- X; and t; = ;- X; with i # j do

25 union (m;-X; , m;-X;) ;

26 remove t; from the equation ;
27 decrement the counter of occurrence of X; by one
28 end

290 return the remaining equation

Algorithm 9: Unification and normalizing functions
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7.2 An Almost Quadratic Nominal Unification Algorithm (AQNU)

rules:

(AtomsRule) A# a9 ... 977 a
= 0
with ¢ and atom and a € A
(C'stRule) AH#H forgr. .. 9om f
=
with f a constant
(PaiTRUl€) A # (t117t12) PIRI? L. 7RO (tnl,th)
= {A#th 2RI LIRS

7~~7 tnp

A # t12 IR LIRS tng}

(AbsRule) A # gty 2= ... 9=y [an]tn
= {(A U {0,1 c an}) \ {0,1} # (Cll CLl)'tl IRy L. RS (Cll Cln)tn}

Then resulting equations are put in the stack.

If eq does not match any of these rules then the problem has no solution and
the program raise an error.

The function taking eq as input, putting the resulting equation in the stack

or raising an error is called decompose

Storing equation If the normalized equation does contain a term 7x-X, then
it can not be decomposed but it can be store in the unification nominal data
of X. The function which stores such equations is called storeEquation() and

described in algorithm 10.

OccurCheck The function occurCheck checks that the data attached to every
class is (0,0, []). If not, it means that the problem does contains a loop and so has
no solution. Thus, if one of the data is not (0,0, []) the function raise an error,

otherwise returns nothing.

Proposition 19 (Correctness) If the problem raised an error, then the problem
does not have any solution. Otherwise, the output of the algorithm is a most
general solution of the problem.

Proof All the steps of the algorithm transform the problem into an equivalent

one. So the set of the solutions of the problem is preserved. *
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Input: A normalized equation eq = A # 7-X /9 t1 179 ... 9% 1y,

storeEquation(A # m- X om0y £y o/ ... 9Re 1) =

10

11

12

13

14

15

16

17

18

19

20

d = data((m-X)) ;
(0, A\ [tni1s .-y tm]) =d
which represents the equation A’ # m-X o= 41 27 ... 97 Ly,
the two equations can be combined into :;
A" H by orgo L. ome t, with A" = AU A,
if o =1 then
this is the only occurrence of X in the problem;
then the class of X is a root class and ca be processed,;
if n =0 then
then equation is the freshness constraints A” # 7 X;
output the freshness constraint 7=*(A”) # X
else
output the substitution X +— 7 ¢, ;

push(A” # t s707 ... 9= t,,,) on stack

end

putData(m-X, (0,0,[]))
else

putData(m-X, (0 — 1, A" [t1, ..., tm]))
end

Algorithm 10: Equation storing function

90



7.2 An Almost Quadratic Nominal Unification Algorithm (AQNU)

7.2.1 Complexity

Let d be a nominal data (o, A, [t). Representing [t as a list is too costly because
of the number of times we need to apply a permutation to its elements and
appending two lists. For example, let [;,...,l; be 4 lists and let us consider
i +13+13+14. Doing it in one shot is linear in |I;| +|l2| + |I3] +|l4| but computing
Is =11 + ls, then lg = I3 + 14 and finally do I5 + lg is not. So performing lazily
these operation is more efficient. In this section we implement a better structure
to represent [t with lazy permutations and lazy appending.

This structure is the algebraic datatype:

Nil the empty tree

Treea =
| Singleton a the leaf a
|
|

Node (Tree a) (Tree a) a node with two children
Remap 11 (Tree a)

With this structure we can merge two trees ¢; and ¢, in constant time with
Node ty t5. And we can lazily apply a permutation to all the elements of a tree in
constant time with Remap 7 t. If we have to apply many permutations to a tree,
permutations will be composed together and only then the resulting permutation
will be applied on the elements of the tree, which means only one tree and term
traversal.

When we need to get the list of terms, we flatten the tree, applying permuta-

tions and giving back the list of leaves.

Input: A nominal tree ¢
flatten(t) = flattenAux(id , t);

Ju—

2 where;

3 flattenAux(id , t) = switch (7, ¢) do

4 case (m,Nil) — return [| ;

5 case (m,Singleton a) — return [7-a] ;

6 case (m,Node t; t5) — Node flattenAux(m,?;) flattenAux(m,ty)
7 case (m,Remap 7’ t) — flattenAux((7 o 7'),t)

8 endsw
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Proposition 20 The complexity of the unification algorithm with the lazy struc-
ture is at worse C4 x (| F(s) | +ng(s)+ | F(t) | 4+n.(t)) x ack (| X |) where

ack () is the inverse Ackermann function.

Pro