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Resolution

Resolution is a well-known refutation system for sets of clauses ©
(the axioms), or, equivalently, propositional formulae in CNF. It
operates with the single resolution rule.

(Cvx) (Dv-x)
(Cv D)
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operates with the single resolution rule.
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Resolution

Resolution is a well-known refutation system for sets of clauses ©
(the axioms), or, equivalently, propositional formulae in CNF. It
operates with the single resolution rule.

(Cvx) (DV~-x)
(CvD) — resolvent

A resolution refutation Zs of ¥ is a sequence of clauses Cy, ..., Cs
S.t.
» each Cy is either in X or is the resolvent of two clauses C; and C;
with /,j < k, and
» C, is the empty clause, (), i.e. the boolean false.
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Resolution
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es of resolution

Resolution is a well-known refutation system for sets of clauses ©
(the axioms), or, equivalently, propositional formulae in CNF. It
operates with the single resolution rule.

(Cvx) (DV~-x)
(CvD) — resolvent

A resolution refutation Zs of ¥ is a sequence of clauses Cy, ..., Cs
s.t.

» each Cy is either in X or is the resolvent of two clauses C; and C;

with /,j < k, and

» C, is the empty clause, (), i.e. the boolean false.
Resolution is known to be both sound and complete. We may
associate with Zs a digraph with vertices Cy, ..., Cs and directed
edges from two clauses to their resolvent . This digraph is acyclic with
sink Cs := () and all sources axioms in X.
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Resolution

Consider X := {(x Vy),(-y V 2),(-x V ¥),(—2)}. The following %5 is
a sample resolution refutation of X.

(-yV2z)

Nl

(=xVy) (xVv2)

\ l

(=2) (yvz)——=(2)
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Resolution

Restrictions of resolution

A

ures of resolution

There are several popular restrictions to resolution:
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Resolution

Restrictions of resolution
s of resolution

There are several popular restrictions to resolution:
» Tree-like: in which Zs must be a tree.
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ures of resolution

There are several popular restrictions to resolution:
» Tree-like: in which s must be a tree.

» Davis-Puttnam: in which there is a uniform order obeyed by

resolved variables on all paths in Zs from an axiom to the empty
clause.
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Resolution

Restrictions of resolution
ures of resolution

There are several popular restrictions to resolution:
» Tree-like: in which s must be a tree.

» Davis-Puttnam: in which there is a uniform order obeyed by
resolved variables on all paths in Zs from an axiom to the empty
clause.

» Regular: in which no variable may be resolved more than once in
any path in Zs from an axiom to the empty clause.
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Resolution

Restrictions of resolution

of resolution

There are several popular restrictions to resolution:
» Tree-like: in which s must be a tree.

» Davis-Puttnam: in which there is a uniform order obeyed by
resolved variables on all paths in Zs from an axiom to the empty
clause.

» Regular: in which no variable may be resolved more than once in
any path in Zs from an axiom to the empty clause.

Each of these is provably exponentially weaker than resolution.
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Resolution

Restrictions of resolution
s of resolution

Let us return to our Zs. It is neither tree-like, Davis-Puttnam nor
regular.

(-yvV2z)

BNy e
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Resolution

Restrictions of resolution
s of resolution

But the following 5 depicts an alternative resolution refutation of X
that is regular.

(=2) (-yv2)

Barnaby Martin The Computational Complexity of the Regular Resolution Width Problem



Resolution Restrictions ition

Measures of resolution

There are several applicable measures for a resolution refutation
Xy = Cy, ..., Cs, including:
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Measures of resolution

There are several applicable measures for a resolution refutation
Xy = Cy, ..., Cs, including:
» Size: X7 ,|Cil.
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Resolution

Restrictions of

There are several applicable measures for a resolution refutation
Xy = Cy, ..., Cs, including:

» Size: X3 ,|Cil.

» Width: max{|C;| : 1 <i < s}.
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[RER
esolutio Restrictions of resolution

Measures of resolution

There are several applicable measures for a resolution refutation
Xy = Cy, ..., Cs, including:

Size: ¥ ,|Cj|.
Width: max{|C;j| : 1 <i < s}.

Depth: in Z5, what is the maximum distance from a source (an
axiom) to the sink (the empty clause).

v

v

v

Barnaby Martin The Computational Complexity of the Regular Resolution Width Problem
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esolutio Restrictions of resolution

Measures of resolution

There are several applicable measures for a resolution refutation
Xy = Cy, ..., Cs, including:

Size: ¥ ,|Cj|.

Width: max{|C;j| : 1 <i < s}.

Depth: in Z5, what is the maximum distance from a source (an
axiom) to the sink (the empty clause).

Size is probably the most important of these; but width is interesting
because a set of clauses ¥ with low-width refutations is, to a degree,
susceptible to automation in finding such a refutation.
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[RER
esolutio Restrictions of resolution

Measures of resolution

There are several applicable measures for a resolution refutation
Xy = Cy, ..., Cs, including:

Size: ¥ ,|Cj|.

Width: max{|C;j| : 1 <i < s}.

Depth: in Z5, what is the maximum distance from a source (an
axiom) to the sink (the empty clause).

Size is probably the most important of these; but width is interesting
because a set of clauses ¥ with low-width refutations is, to a degree,
susceptible to automation in finding such a refutation. This is
because size is at most exponential in width; therefore, very small
width can mean not-too-big size.

v

v
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Resolution Width Problems

The resolution width problem is defined to have
» Input: a set of clauses X and a positive integer k.
» Question: does X have a resolution refutation of width < k?

This problem has recently been proved Exptime-complete (Hertel and
Urquart 2006).
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Resolution Width Problems

of problems

The resolution width problem is defined to have
» Input: a set of clauses X and a positive integer k.
» Question: does X have a resolution refutation of width < k?

This problem has recently been proved Exptime-complete (Hertel and
Urquart 2006).

Membership follows since APspace = Exptime, and completeness
follows by a reduction from the Exptime-complete existential
Ehrenfeucht-Fraisse pebble game problem.

» Input: two structures A, 5 and a positive integer k.

» Question: does Spoiler have a winning strategy in the existential
k-pebble E-F game on (A, B)?
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Resolution Width Problems e problems

of problems

The resolution width problem is defined to have
» Input: a set of clauses X and a positive integer k.
» Question: does X have a resolution refutation of width < k?

This problem has recently been proved Exptime-complete (Hertel and
Urquart 2006).

Membership follows since APspace = Exptime, and completeness
follows by a reduction from the Exptime-complete existential
Ehrenfeucht-Fraisse pebble game problem.

» Input: two structures A, 5 and a positive integer k.
» Question: does Spoiler have a winning strategy in the existential
k-pebble E-F game on (A, B)?
k-pairs of pebbles. Spoiler plays on .A; Duplicator plays on B3, trying
to keep partial homomorphism.
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Resolution Width Problems

Unsurprisingly, the regular resolution width problem is defined to have

» Input: a set of clauses ¥ and a positive integer k.
» Question: does ¥ have a regular resolution refutation of width
< k?
Since the depth of a regular refutation #s is bounded by the number
of variables in ¥, it is reasonably easy to see that this problem is in
APtime = Pspace.
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Resolution Width Problems

Unsurprisingly, the regular resolution width problem is defined to have

» Input: a set of clauses ¥ and a positive integer k.
» Question: does ¥ have a regular resolution refutation of width
< k?
Since the depth of a regular refutation #s is bounded by the number
of variables in ¥, it is reasonably easy to see that this problem is in
APtime = Pspace.
Is it also Pspace-complete?
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Resolution Width Problems

Unsurprisingly, the regular resolution width problem is defined to have

» Input: a set of clauses ¥ and a positive integer k.
» Question: does ¥ have a regular resolution refutation of width
< k?
Since the depth of a regular refutation #s is bounded by the number
of variables in ¥, it is reasonably easy to see that this problem is in
APtime = Pspace.
Is it also Pspace-complete? Yes.
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Resolution Width Problems Eebbl END Sl

of problems

In order to ‘prove’ this, we need to see whence the Exptime-
completeness of the existential E-F pebble game problem comes.
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Resolution Width Problems IR D NI R

A catalogue of problems

In order to ‘prove’ this, we need to see whence the Exptime-
completeness of the existential E-F pebble game problem comes.
The existential E-F pebble game problem was proved
Exptime-complete by Kolaitis and Panttaja (2003). Their proof
involved a reduction from a primitive pebble game due to Kasai,
Adachi and lwata (1979).
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Resolution Width Problems IR D NI R

A catalogue of problems

In order to ‘prove’ this, we need to see whence the Exptime-
completeness of the existential E-F pebble game problem comes.
The existential E-F pebble game problem was proved
Exptime-complete by Kolaitis and Panttaja (2003). Their proof
involved a reduction from a primitive pebble game due to Kasai,
Adachi and lwata (1979).

This KAl pebble game problem is primitive in that its
Exptime-completeness is derived directly by reduction from an
APspace = Exptime Turing Machine.
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Resolution Width Problems IR D NI R

A catalogue of problems

The KAl pebble game is played on a structure B := (X, S, R, t) where
X is the domain, S C R is a set of initial positions, R C X2 is a set of
rules and t € X is a target node. Play begins with pebbles on the
positions in S; Players | and Il move alternately, each aiming to move
some pebble to the target t. A pebble may be move from x to x’ only
if there exists a y s.t. x and y are pebbled, but x’ is not, and

(y;x',x) € R.
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A catalogue of problems

The KAl pebble game is played on a structure B := (X, S, R, t) where
X is the domain, S C R is a set of initial positions, R C X2 is a set of
rules and t € X is a target node. Play begins with pebbles on the
positions in S; Players | and Il move alternately, each aiming to move
some pebble to the target t. A pebble may be move from x to x’ only
if there exists a y s.t. x and y are pebbled, but x’ is not, and
(y;x',x) € R.
The KAl pebble game problem,

» Input: a structure B := (X, S, R, t).

» Question: does Player | have a winning strategy in the KAl

game”?

is Exptime-complete.
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Resolution Width Problems END Sl

of problems

KAI also consider a restricted form of their pebble game in which the
rule set R is somehow acyclic. Specifically, the graph induced by
E(y,x) N E(y,x")iff R(y, x, x") must be acyclic.
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A catalogue of problems

KAI also consider a restricted form of their pebble game in which the
rule set R is somehow acyclic. Specifically, the graph induced by
E(y,x) N E(y,x")iff R(y, x, x") must be acyclic.

The acyclic KAl pebble game problem is therefore the restriction of
the KAl pebble game to acyclic instances.
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A catalogue of problems

KAI also consider a restricted form of their pebble game in which the
rule set R is somehow acyclic. Specifically, the graph induced by
E(y,x) N E(y,x")iff R(y, x, x") must be acyclic.

The acyclic KAl pebble game problem is therefore the restriction of
the KAl pebble game to acyclic instances.

The condition of acyclicity ensures Pspace = APtime membership by
limiting the length of the KAI pebble game, because a certain pebble
may not return to a node that it has previously visited.
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A catalogue of problems

KAI also consider a restricted form of their pebble game in which the
rule set R is somehow acyclic. Specifically, the graph induced by
E(y,x) N E(y,x")iff R(y, x, x") must be acyclic.

The acyclic KAl pebble game problem is therefore the restriction of
the KAl pebble game to acyclic instances.

The condition of acyclicity ensures Pspace = APtime membership by
limiting the length of the KAI pebble game, because a certain pebble
may not return to a node that it has previously visited.

In fact the acyclic KAl pebble game problem is Pspace-complete.
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Resolution Width Problems END Sl

of problems

We introduce the following acyclic existential E-F pebble game
problem.
» Input: two structures A, 5 and a positive integer k.
» Question: does Spoiler have a winning strategy in the existential
k-pebble E-F game on (A, B) in which no element may be
pebbled more than once?
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A catalogue of problems

We introduce the following acyclic existential E-F pebble game
problem.

» Input: two structures A, 5 and a positive integer k.

» Question: does Spoiler have a winning strategy in the existential
k-pebble E-F game on (A, B) in which no element may be
pebbled more than once?

This problem is also in Pspace = APtime, due to the restricted length
of the game. We have also been able to show that it is
Pspace-complete by reduction from the acyclic KAl pebble game
problem.
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A catalogue of problems

We introduce the following acyclic existential E-F pebble game
problem.

» Input: two structures A, 5 and a positive integer k.

» Question: does Spoiler have a winning strategy in the existential
k-pebble E-F game on (A, B) in which no element may be
pebbled more than once?

This problem is also in Pspace = APtime, due to the restricted length
of the game. We have also been able to show that it is
Pspace-complete by reduction from the acyclic KAl pebble game
problem.

The final piece of the jigsaw is a reduction from the acyclic existential
E-F pebble game problem to the regular resolution width problem,
thus proving the Pspace-completeness of the latter.
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eo ame problems
Resolution Width Problems FELL DETIDIELIIE

A cata\oéue of problems

KAl pebble game acyclic KAl pebble game
< <
existential E-F pebble game acyclic existential E-F pebble game
< <
resolution width problem regular resolution width problem

Exptime-complete Pspace-complete
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Resolution Width Problems FELL DETIDIELIIE

A cata\oéue of problems

KAl pebble game acyclic KAl pebble game
< <
existential E-F pebble game acyclic existential E-F pebble game
< <
resolution width problem regular resolution width problem

Exptime-complete Pspace-complete




Resolution Width Problems LD IELEIE

A catalogue of problems

KAl pebble game acyclic KAl pebble game
< <
existential E-F pebble game acyclic existential E-F pebble game
< <
resolution width problem regular resolution width problem
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Resolution Width Problems LD IELEIE

A catalogue of problems

KAl pebble game acyclic KAl pebble game
< <
existential E-F pebble game acyclic existential E-F pebble game
< <
resolution width problem regular resolution width problem
Exptime-complete Pspace-complete
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Open Problems

The KAI pebble game problem admits an obvious parameterisation in
the number of pebbles in the intitial set S.

1By Kasai and Iwata, in the early 80s. This follows from the Time-Hierarchy
Theorem.
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Open Problems

The KAI pebble game problem admits an obvious parameterisation in
the number of pebbles in the intitial set S.

Under this parameterisation, the KAI pebble game problem was
among the first to be provably fixed-parameter intractable', in fact
XP-complete.

1By Kasai and Iwata, in the early 80s. This follows from the Time-Hierarchy
Theorem.
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Open Problems

The KAI pebble game problem admits an obvious parameterisation in
the number of pebbles in the intitial set S.

Under this parameterisation, the KAI pebble game problem was
among the first to be provably fixed-parameter intractable', in fact
XP-complete.

The reduction from the KAI pebble game problem to the existential
E-F pebble game problem does not preserve this parameter; the
number of pebbles involved in the E-F game is independent of the
number of initial pebbles in the given KAl game instance.

1By Kasai and Iwata, in the early 80s. This follows from the Time-Hierarchy
Theorem.
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Open Problems

However, we suggest that both the existential E-F pebble game
problem and the resolution width problem are good candidates for
XP-completeness, under the parameterisations of number of pebbles

and size of width, respectively.
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Open Problems

However, we suggest that both the existential E-F pebble game
problem and the resolution width problem are good candidates for
XP-completeness, under the parameterisations of number of pebbles
and size of width, respectively.

Finally, the complexity of the E-F pebble game problem, a cousin
problem in which Spoiler may play in either structure, is still unknown.
Exptime membership is straightforward, but completeness, although
likely, has not yet been resolved.
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Open Problems

However, we suggest that both the existential E-F pebble game
problem and the resolution width problem are good candidates for
XP-completeness, under the parameterisations of number of pebbles
and size of width, respectively.

Finally, the complexity of the E-F pebble game problem, a cousin
problem in which Spoiler may play in either structure, is still unknown.
Exptime membership is straightforward, but completeness, although
likely, has not yet been resolved.

Thank you.
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